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PREFACE

Several years ago I formed the view that dichotomies, rather than Lyapunov's
characteristic exponents, are the key to questions of asymptotic behaviour for non-
autonomous differential equations. I still hold that view, in spite of the fact that
since then there have appeared many more papers and a book on characteristic
exponents. On the other hand, there has recently been an important new development
in the theory of dichotomies. Thus it seemed to me an appropriate time to give an

accessible account of this attractive theory.

The present lecture notes are the basis for a course given at the University of
Florence in May, 1977. I am grateful to Professor R. Conti for the invitation to
visit there and for providing the incentive to put my thoughts in order. I am also
grateful to Mrs Helen Daish and Mrs Linda Southwell for cheerfully and carefully
typing the manuscript.
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1. STABILITY

A dichotomy, exponential or ordinary, is a type of conditional stability. Let us

begin, then, by recalling some facts about unconditional stability.

The classical definitions of stability and asymptotic stability, due to Lyapunov,
are well suited for the study of autonomous differential equations. For non-
autonomous equations, however, the concepts of uniform stability and uniform

asymptotic stability are more appropriate.

Let %(t) be a solution of the vector differential equation

-

x” = f(t, x) (1)

which is defined on the half-line 0 =< t < o . The solution x(t) is said to be
uniformly stable if for each € > 0 there is a corresponding & = §(g) > 0 such that
any solution x(t) of (1) which satisfies the inequality |x(s) - %(s)| < & for some
s 2 0 is defined and satisfies the inequality [x(t) - %(t)| <€ for all t= s

It is said to be uniformly asymptotically stable if in addition there is a 60 >0

and for each € > 0 a corresponding T = T(g) > 0 such that if [x(s) - R(s)| < 50
for some s = 0 then |x(t) - X(t)] <& forall t>=s + T .
We will be interested in the application of these notions to the linear

differential equation

-

x7 = A(t)x , (2)

where A(t) is a continuous n X n matrix function for 0 =t <® . Let X(t) be a
fundamental matrix for (2). It may be shown without difficulty that the solution

% = 0 of (2) is uniformly stable if and only if there exists a constant K > 0 such
that

|x(t)x'l(s)| =K for 0<g=<t<ow,

It is uniformly asymptotically stable if and only if there exist constants K > 0 ,
a > 0 such that



Ix(0)x L(s)| = ke ®(t"S)

for 0 <s =t <e®,
For example, the scalar differential equation

-

x" = -(t + l)—lx .
which has the fundamental solution =x(t) = (t + l)_l , is uniformly stable and
asymptotically stable, but not uniformly asymptotically stable.
The scalar differential equation
x” = {sin log(t + 1) + cos log(t + 1) - alx ,

which has the fundamental solution

x(t) = exp{(t + 1) sin log(t + 1) - ot} ,
is asymptotically stable and even 'exponentially stable' if o > 1 , but not uniformly

: %

stable if o < 2° .

Uniform asymptotic stability has the impcrtant property of being preserved under

small perturbations of the coefficient matrix. This follows from

PROPOSITION 1. Suppose A(t) <is a continuous matrix function on an interval J and

the fundamental matrixz X(t) of the equation (2) satisfies the inequality

alt-s)

IX(t)X'l(s)I < Ke for t=z=s .

If B(t) is a continuous matrix function such that |B(t)| <8 for all t € J then
the fundamental matriz Y(t) of the perturbed equation

y" = [A(D) + B(Dy (3
satisfies the inequality

1Y ()7 H(s)| = kePlTS)

for t=s ,
where B = o + 8K .

Proof. If y(t) is any solution of (3) then, by the variation of constants formula,

(1) = x(Ox Ne)y(s) + fTx(ox sy wan .
Hence, for t =z s ,

ly(e)] = Kea(t_s)ly(s)l + Kfzea(t_u)lB(u)lly(u)ldu .

Thus the scalar function w(t) = e_at]y(t)] satisfies the inequality
w(t) = Kw(s) + Kf:]B(u)|w(u)du for t2s .

By Gronwall's inequality, this implies



w(t) = Kw(s) exp Kf§|B(u)|du for t>s

Consequently

B(t-s)

ly()] = xly(s)]e for t = s

Taking y(t) = Y(t)Y_l(s)E , where £ 1is an arbitrary constant vector, we obtain the
result.
Uniform stability, on the other hand, is preserved under absolutely integrable

perturbations of the coefficient matrix. The following proposition may be established

in a similar manner to the preceding one.

PROPOSITION 2. Suppose A(t) <is a continuous matrix function on an interval J and
the fundamental matrixz X(t) of the equation (2) satisfies the inequality

X)X ()| =K for t=s
If B(t) is a continuous matrix function such that fJIB(t)|dt = § then the

fundamental matriz Y(t) of the perturbed equation (3) satisfies the inequality

Y)Y Ns)| =L for tzs,

where L = Ke6K .

For autonomous linear differential equations stability can be characterised in

terms of the eigenvalues of the coefficient matrix. The equation

is (uniformly) asymptotically stable if and only if all eigenvalues of the comnstant

matrix A, have negative real part. It is (uniformly) stable if and only if all

eigenvalues of Ao have non-positive real part and those with zero real part are
'semigimple’.
We will now show by an example that this type of characterisation is no longer

possible for non-autonomous equations. Take A(t) = U‘l(t)AOU(t) , where

-1 -5 cos t sin t
A = » U(t) =
0o -1 -sin t cos t
Evidently A(t) has both eigenvalues -1 for every t . But the corresponding

equation (2) has the fundamental matrix

e (cos t + %¥sin t) e_3t(cos t - %sin t)
X(t) = t 3t s
e (sin t - %cos t) e (sin t + %cos t)

and is consequently umstable.



Thus eigenvalues fail as a general theoretical tool in the non-autonomous case.

Nevertheless we will show that it is possible to salvage something.
PROPOSITION 3. If A g an n % n matrix such that

(1) every eigenwalue of A has real part < o ,

(it) |a|l =m,
and 1f 0 <€ <24 then

IetA} = (2M/€)n'1e(a+€)t

for t=2 0.
Proof. We show first that

n-1

]etA] <™ty (2t1)/kt for t =20 . (W)
k=0
Assume initially that A has distinct eigenvalues XA,, ..., A_ . Let p(X) be the
1 n
polynomial of degree < n which takes the same values as ¢{A) = etA at the points
kl, vens Kn . Then, by the theory of functions of a matrix, p(A) = e . If we

represent p(A) by Newton's interpolation formula in the form

p(X) = + cz(k - ll) + c3(l - ll)(k - Az) oo, F cn(k - kl) es (A - An~ )

cl 1

then the coefficients are given by ¢ = ¢(Al) and, for k > 1,

t t
_ 1l 1 k-2, (k-1)
e = S5 Lot o [ RN s oy - e O =y Dy Tae L de
(k-1)
Here the argument of ¢ belongs to the convex hull of Al, B kn and hence
to the half-plane RA = ¢ . Since ¢(k‘l)(X) = tk-letA it follows that, if t = 0 ,
[ck[ < -1y

Also, for every eigenvalue Xk we have fkki = IA! and hence IA - XkIf = 2[A! .

Substituting these estimates in the formula for p(A) we obtain (&). If the
eigenvalues of A are not distinct then A is the limit of a sequence of matrices
Av with distinct eigenvalues and by letting Vv - @ we see that the inequality (4)
holds also in the general case.
Now set
It
-nt }(,
g (t) = e Y Sk,
k=0

where 0 <1 <1 . Then gn(t) >0 as t=®, gn(O) =1, and



¥

B 7t g (2D

Thus g;(o) =1-n>0 and gn(t) assumes its maximum value in the interval [0, =]

. . . . . _ -1 _
at an interior point. At this point gn = n gn~l . Therefore un max gn(t)

. e -1 . . -n .
< = - .
satisfies un =n un—l . Since uo 1 it follows that un =7 Henece if
0 < g < 2M then
n-1
Q¥ = (oue)™ et for tzo0 .
k=0

Combining this with the inequality (4), we obtain the result.
It may be noted that, since o = -M , if € = 2M then

IetAl = e(a+a)t for t2 0.

PROPOSITION 4. Suppose A(t) is a matrix function defined on an interval J such
that

[Aft2) - A(tl)} = 6}t2 -t for all t ,t, €J

l} 1’ 2

|e£A(T5| <k for Tzo0,ted,
where & >0 and K > 1 . Then the fundamental matrixz X(t) of the equation (2)
satisfies the inequality

}x(t)x‘l(s){ < Kee(t_s) for t=zs,

where B = o + (8K log K)% .
Proof. For any fixed u € J we can write (2) in the form
x' = A(wx + [A(t) - A(w]Ix .
Hence, by the variation of constants formula, any solution x{(t) satisfies

(t-s)a(w)
e

x(t) = x(s) + [T E AWy L atw)Ix(eat’

Therefore, for t = s ,
a(t-s) t alt-t") ' ' ;
|%(£)] < Ke Ix()] + K[ e la(e") ~ A |x(e")|at’ .
By Gronwall's inequality, this implies

[x(t)] = Kea(t—S){x(s)f exp KfzfA(t’) - AW dt’ for tzZs .

Taking u = (s + t}/2 and using the Lipschitz condition, we get

a(t-s)_8K(t-5)°/u

Jx(£)} = Ke [x(s)| for t=s .



Put

log K|* P
h=2 [-9§-5% , v = A(8K log K)Z .
K
For s £t <s +h we have
§K(t - s)/u4 2 8Kh/4 = v

and hence

Ix(t)] = Ke(a+Y)(t~S)|x(s)|

for s £t =s +h.
In general, if s +nh =t <s + (n + 1)h then

Ke(a+Y)(t—s—nh)|

|=(t)]| = x(s + nh)|

<<

Kn+le(a+y)(tﬁs)ix(s)[ .

Since vy = ht log K ,

no_ enyh < ev(t—s) .
Hence

[x(t)| = Ke(a+2Y)(t_S)|x(s)| for all t=s .
By combining Propositions 3 and 4 we obtain at once

PROPOSITION 5. ILet A(t) be an n x n matriz function defined on an interval J
such that

(1) every eigenvalue of A(t) has real part <a for all t € J ,
(ii) |a(t)| =¥ forall te€yJ.

Then for any e > 0 there exists § = §(M, €) > 0 such that if

1‘ 1>ty €7

the fundamental matriz X(t) of the equation (2) satisfies the inequality

latt) - atep] s 6lt, - 1] forall +

[x()x ()| < Kee(“+6)(t'3) for t=s

where K = max{(uM/e)n_l, 1} .

In particular, (2) is uniformly asymptotically stable if « < 0 and & is

sufficiently small.

Our next result shows that, if the coefficient matrices are bounded, uniform

asymptotic stability is also preserved under 'integrally small' perturbations.

PROPOSITION 6. Let A(t) , B(t) be continuous matrix functions on an interval



such that
fa(e)] =M, [B(t)| =M,

and suppose the fundamental matrixz X(t) of the equation (2) satisfies the inequality

Ix(0)x 1) = k™) fop £z,

1A

where K =1 . If

A

)
|Jt B(t)dt| < 8§ for [t2 -t.] =n

1 ll

then the fundamental matrixz Y(t) of the perturbed equation (3) satisfies the

inequality

B(t-s)

|Y(t)Y'l(s)| < (1 + 8)Ke for t=zs ,

where B = o + 3MKS + nt log(l + §)X .

Proof. By the variation of constants formula any solution y(t) of (3) satisfies the

integral equation

y(£) = XK He)y(s) + [ By

If we set

c(s) = [iB(wdu

then, on integrating by parts and using (2) and (3), we obtain
y(£) = (X NI + ¢ls)Iy(s)

- [Sxeox A - cwA) - cwsw ly(wdu .

It follows that for s =t <s + h
lyo] = @+ exe = |y(o)| + amesfTe* T |y fau

Therefore, by Gronwall's inequality, w(t) = e_qt|y(t)| satisfies

SMKd(t—s)W(S)

w(t) = (1 + 8)Ke for s<t=<s+h.

For any s , t € J with t = s there is a unique non-negative integer n such that

s+nh<t<s+(n+ 1) . Then

A

w(t) = (1 + 8)Ke

3MK6(t—s—nh)W(S + 1h)

1A

n+leSMK6(t-s)

1A

[(1 + 8)X]

w(s)

and



ly(o)] = [+ § KT Lo (arMKEI (-8 oy

If we put Y = ht 1og(1 + 6)K then

f(1+ 8)XI® = enyb = eY(t-S) .

Hence

ly(e)] = (1 + kP ETy(0)| for t=s,
which is equivalent to the reguired inequality.

Tt is clear that, given any € > 0 , we will have B <o + & if h Z 28_1 log K

and if 6 = 8(X, N, €} is sufficiently small.

The integrally small perturbations of Proposition 6 form a more extensive class
than the small perturbations of Proposition 1. Suppose, for example, that B(t) is
an almost periodic matrix function with mean value zero. We will show that for any

h >0, &>0 there exists a corresponding W, = wo(h, §) > 0 such that if w > W,

then

t,.,
Ift Blwt)at] =8 for |t, - t] =h.

1 1
In fact B(t) is bounded, say |B(t)] =¥ for all t . Hence if }t2 - tli = §/M
then
t2~
1ft Blwt)at] = & for all w .
1
On the other hand, since B(t) has mean value zero, there exists TO = TO(B/h) > 0

such that if T 2 TO then
IT7 25 B(e)at| < 8/m for all s .

Therefore, if &/M = ‘tQ - tl! =h and w2 Wy = MTO/6 R

t, N
IJtlB(wt)dt[ = Jut, - £)) fwtlB(u)dulh

=8/h «h =28,

Thus it follows from Proposition 6 that the uniform asymptotic stability of an
autonomous system is not destroyed by sufficiently rapid oscillations. This is a
counterpart to Propesition 5, which says that it is not destroyed by sufficiently slow

variations.

We will say that the differential equation (2) has bounded growth on an interval

J if, for some fixed h > 0 , there exists a constant CZ 1 such that every



solution x(t) of (2) satisfies
[x(t)] = clx(s)| for s ,t €J and s<t=s+h.

The equation (2) has bounded growth if and only if there exist real constants K , o

such that its fundamental matrix X{(t) satisfies

|X(t)X_l(s)| = Keu(t_S) for t>s . (5)

In fact we can take K = C and o = h_l log C , resp. C = Keah . This shows that the
condition of bounded growth is independent of the choice of h .

The equation (2) certainly has bounded growth if its coefficient matrix A(t) is

bounded, or even if ft+h|A(s)]ds is bounded, since by Gronwall's inequality

{X(t)X_l(s)I < exp

[E1aew lau

More generally, it has bounded growth if ulA(t)] or f§+hﬁ[A(s)3ds is bounded
above, where

u(a) = lim{|I + ea] - 1}/e
€>4+0

is the logarithmic norm of the matrix A , since
-1 t
(X)X ()| = expfsu[A(u)]du for t = s .

However, the preceding propositions provide smaller values for the exponent o of (5)

in a number of cases.

In these lectures the hypothesis of bounded growth will often be imposed instead
of the more restrictive hypothesis that the coefficient matrix is bounded. Actually,
the concept of bounded growth is just the restriction to linear differential
equations of the concept of uniform continuous dependence on initial conditioms for a

solution of an arbitrary differential equation.

Let x(t) be a solution of the differential equation (1) on an interval J and
let h be a fixed positive number. Then x{t)} may be said to be (right) - uwniformly
dependent on its initial value if for each € > 0 there is a corresponding
8§ = 8(e) > 0 such that any solution =x(t) of (1) which satisfies the inequality
[x(s) - %(s)| < 8§ for some s € J is defined and satisfies the inequality
x(£) - %(t)| < e forall t€J with s<t<s+h.



2. EXPONENTIAL AND ORDINARY DICHOTOMIES

Let X(t) be a fundamental matrix for the linear differential equation
x' = Alt)x, (1)

where the n X n coefficient matrix A(t) is continuous on an interval J ., The
equation (1) is said to possess an ewpomential dichotomy if there exists a projection

P - that is, a matrix P such that PQ = P — and positive constants K , L ,

o , B such that

~o{t-5)

!X(t)PX-l(s)t < Ke for t2s,

(23

Le-ﬁ(s-t)

()1 - Pyx Hs)] = for s =t .

It is sald to possess an ordinary dichotomy if the inequalities (2) hold with o and
B mnot positive but zero.
The two cases of most interest are where J 1is the positive half-line R+ and
the whole line R . Until the final paragraph of this lecture we asswnme that
J = R+ f
The autonomous equation
'

®o= on

has an exponential dichotomy on R+ if and only if no eigenvalue of the constant

matrix AO has zero real part. It has an ordinary dichotomy if and only if all

tA
eigenvalues of A, with zero real part are semisimple. In each case X(t) = e °

and we can take P to be the spectral projection defined by
1 -1
P = 21Tin(ZI - A Tdz

where Y is any rectifiable simple closed curve in the open left half-plane which



11

contains in its interior all eigenvalues of AO with negative real part. The

concepts of exponential and ordinary dichotomy generalize to non-autonomous equations

these two types of conditional stability.

The equation (1) has an exponential dichotomy with P = I if and only if it is
uniformly asymptotically stable, and an ordinary dichotomy with P = I if and only
if it is uniformly stable. To see what a dichotomy means in the general case it is

convenient to rewrite the conditions (2) in the equivalent form

|x(tyPE] K'e'“(t's)[x(s)Pgl for t=s ,

(A

[%()(I - PYE] = 1'e P Ix(s)(1 - PYE| for szt , 2y

A

Ix(t)Px’l(t)l = M for all t ,

where K' , L' , M' are again positive constants and & is an arbitrary constant
vector. Suppose the projection P has rank k , I.e. trace P =k , and for
definiteness assume o , B > 0 . Then the first condition (2)' says that there is a
k~dimensional subspace of solutioms tending to zero uniformly and exponentially as

t >« . The second condition says that there is a supplementary (n - k)-dimensional
subspace of solutions tending to infinity uniformly and exponentially as t + = .

The third condition says that the 'angle' between these two subspaces remains bounded

away from zero.

If @ or B is positive and the equation (1) has bounded growth then the third

condition (2)' is actually implied by the previocus two conditions. For suppose

(OK )] = ce? TS gor £z,
(3)

where C= 1 and u > 0 are constants. For any h > 0 we have
[x(t + nex T(o)] s ke xorx o],

-leBh

[X(t + (I - PYXN(e)] 2 1! [x(t) (1 - P)X L] .

Putting

o = x0T - X R, o= |x(oex )],

we obtain

o™ tx(e + (T - )X ) + o ke + R 2 v,

-leﬁh _ e—ah

where v = L' X!

Then, by (3)

. Choose h > 0 so large that vy > 0 .

lo™Ix(e)(1 - Pxtee) + o x(opx o) = yote

The left side of this inequality can be written in the form



-1

-1
o+ p

1A

o7l + (o7t - oThxeorr - pix o] - oY

o i1+ lo - o}

<207t .

1, uh

Hence 0 = 2Y— Ce Hh .

and, by symmetry, also p = QY-lCe It is readily shown that

if P#0 , I we can choose h > 0 so that

u+o, (u-B)/ (B+a)

! ! 1y
p, 0= 2eCEIa-L (K'L")

If a and B are positive but the equation (1) does not have bounded growth
then the third condition (2)' is not implied by the previous two conditions. For

example, the second order system

has the fundamental matrix

then the first two conditions (2)' are satisfied, with @ = 1 and B = 3 , but the

third condition is not satisfied.

If o0 =8 =0 then, even if the coefficient matrix A(t) is bounded, the third

condition (2)' is not implied by the previous two conditions. For example, the second

order system

has the fundamental matrix

If
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then the first two conditions (2)' are satisfied, with o = B = 0 , but the third

condition is not satisfied.

If the equation (1) has an exponential or ordinary dichotomy (2) on a sub-
interval [to, @) then it also has an exponential or ordinary dichotomy on the half-
line R+ , with the same projection P and the same exponents a , B . In fact we

can choose N =2 1 , for example

tO
N = exp IO [ACuw)]du ,
so that
|x(t)x'l(s)| <N for 0<s,t=t

If 0=g = to = t then

[x(t)px Hs)| < NIx(t)PX'l(tO)]

-a(t-to)
< NKe

oty —-a(t-s)

=< NKe e
If 0<s=+t= tO then
|x(0)Px"H(s)| = NQIX(tO)Px'l(tO)I
= N2K
at, -a(t-s)
= N2Ke Oe .
Hence
IX(t)PX_l(s)| < Re~a(t—s) for 0 =s=st<wo,
- 2 %
where K = NKe . Similarly,
[X(e)(T - P)X_l(s)[ <fe PG g gstss<w,
- Bt
where L = N2Le 0 .

Suppose the equation (1) satisfies the first two conditions (2)' with

a , B>0 . For any solution x(t) of (1) write



%, () = XCOPK M), x,(6) = XD - PX o) ,
so that
x(t) = X(t)PX_l(s)xl(s) + X(O(T - P Hs)x,(s)

If |x2(s)| = [xl(s)| then, for t=z s ,

|X(t)l L'_leB(t_S)IX2(3)| _ K'e_a<t_S)[Xl(S)l

v

v

{Lr—leB(t—S) _ Kye—u(t-s)}IXQ(S)l

%{L'_les(t_s) - K'e—a(t_s)}|x(s)] .

v

Similarly, if lx2(s)| = |xl(s)| then, for t =s ,

Ix(t)| = %{K'_lea(s_t) - L'e_B(S_t)}Ix(s)l .
For any 6 such that 0 < 6 <1 we can choose T > 0 so large that

-1

L'_leBT - k' > 997t K'—leaT - L'e_ST > 28

> 20 R
Then in either case we will have

[2(s)} =8 sup |x(u)| for every s=T .
u—s?ET

We are going to show that if -the equation (1) has bounded growth then this necessary

condition for an exponential dichotomy is also sufficient.

PROPOSITION 1. The equation (1) has an exponential dichotomy on R, if there exist

constants T >0 , C>1 and 0 <8 <1 such that every solution =x(t) of (1)

satisfies
[x(t)| =clx(s)| for 0=s=t=s+T
and
[x(t)] =8 sup |x(u)| for t=T. (%)
u-t|<T

Proof. Suppose first that =x(t) is a nontrivial bounded solution and for any s = 0

set

u(s) = sup |x(u)| .
uzs

Then for t = s + T

[2(+)] =6 sup |x(u)]| = du(s)
Iu—t =T
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and hence

u(s) = sup |x(w)] .
sSuss+T

It follows that
Ix(t)] = ¢clx(s)] for 0 =s =t <o,

If s +nT=<t<s + (n+ 1)T then

Ix()] = 8% sup )]
}u-tIEnT
< 8"¢|x(s)]
< 070 (58T (o))
Thus
[x(t)] = Ke“a(t"8)|x(s)] for 0 €8s =t <o,

where X = S’lC >1 and o = —T‘l log & >0 .

Suppose next that x(t) is an unbounded solution with |x(0)| =1 . We can
define t, > 0 by

x(t )] =68, |x(t)] <6 for O=t<t .
i3 0

Then T < t, <t, < ... and t > ., Moreover t =t + T, since
1 2 n n+l n

ix(tn)t =0 sup [x(u)
Ofuftn+T

and |x(w)} < G“llx(tn){ for 0 =u <t Suppose t =s and t St <t

+1 7 mtl ’

=5 < =
t, Ss tn+l (L=m=mn). Then

Ix(t)] < 8™ = e M k(e )]

n+1

A

Ce—len—m+l l x(s) '

< Cﬁ—le(s"t)/T{x(s)I
[x(t)] = Ke”a(s't)lx(s>l for t; St <s <.
Let V be the underlying vector space (R or ™) , let Vl be the subspace

consisting of the initial values of all bounded solutions of (1), and let V2 be any
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fized subspace supplementary to Vl . For any unit vector £ € V2 , let

x{t) = x(t, £) be the solution which takes the value &£ at t =0 . Then x(t, &)

is unbounded, and hence there is a least value tl = tl(i) such that

]x(tl, E)| = 8_10 . We will show that the values tl(E) are bounded. In fact,

otherwise there exists a sequence of unit vectors EV € V2 such that tl =

tl(gv) + © , By the compactness of the unit sphere in U2 we may suppose that

Ev -+ £ , where IE[ = 1 . Then
x(t, &) » x(t, §) for every t 20 .

(v)

Since |x(t, Ev)! < s'lc for 0 =t < t it follows that

[x(t, £)] =87%c for 0=t <o,

which is a contradiction because § € V2 .

Thus there exists T. > 0 such that tl(E) =T

1 for all & , and every

1
solution x(t) with x(0) € V2 satisfies

—G(S—t) I

lx(t)] < Ke x(s)l for T, <t =<s <w®

1

Consequently the first two conditions (2)' are satisfied on the subinterval

[Tl’ @) ., The third condition (2)' is redundant, since (1) has bounded growth.
Therefore (1) has an exponential dichotomy on [Tl’ ®) , and hence alsc on R, .

We consider next the possibility of varying the projection in a dichotomy for a
given fundamental matrix. Suppose the equation (1) possesses an exponential or
ordinary dichotomy (2) with projection P , corresponding to the fundamental matrix
X(t) with X(0) = I . We will show that if P' 1is a projection with the same range

as P then the equation (1) also possesses an exponential or ordinary dichotomy with

projection P' .

We have

and hence
P~P =P(P-P') = (P-P"YI-P)

Therefore, for any vector £ and all s , t = 0O
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[x(t)(p - PE] < ke %[ (P - P')E]
< ke P! - p||(1 - P)E]
< kLe *% BBt | p|[x(s)E]

It follows that for 0 =<t =< s

A

[2(C0)(I - PNE} = [X(e)(T - PYE] + |x(£)(P - P")E)

A

< {1+ ke’ - P} BV xae] .

Similarly, for 0 <s < t

Ix(oyp'g] < {1+ Llp’ - Pi}xe*“(t"s)ﬁx(s)ii .

Therefore (1) has a dichotomy with projection P' , the exponents o , B being
unaltered and the constants K , L being multiplied by 1 + L|P' - P| , 1 + K|P' -~ P

respectively.

In the case of an exponential dichotomy this is the only indeterminacy in the
choice of the projection P since, if X(0) = I , the range of P 1is uniquely

determined as the subspace consisting of the initial values of all bounded solutioms.

However, in the case of an ordinary dichotomy there may be other choices for the

projection P . Let V be the underlying vector space, let Vl be the subspace of
V consisting of the initial values of all bounded solutions of (1), and let VO be
the subspace of Vl consisting of the initial values of all solutions of (1) which

tend to zero as t =+« ., Then

PROPOSITION 2. ILet X(t) be the fundamental matrix of (1) with X(0) = I . If the
equation (1) has a dichotomy (2) with projection P then it also has a dichotomy with
projection Q 1if and only if

c c . (5)
Vo c Qv —»Vl
Proof. We may assume that (2) holds with @ = B =0 and K=1 . Let =x(t) be a
nontrivial solution of (1) such that [x(tn)} > 0 for some sequence of numbers

tn > 0 . Since =x{(t) is nontrivial we must have tn » o . Put

xl(t} = X(£)Px(0) , x2(t) = X(£)(I - PIx(0) .

Then x{(t) = xl(t) + x2(t) and

v
ot

]xl(t)i = K]x(tn)[ for t

Ix, ()] = K[x(t )| for 0=t=t
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The first relation implies that !xl(t)! +0 as t -« and the second implies that

xz(t) =0 forall t2=0 . Hence x{(0) € PV and |x(t)] >0 as t > = .

Thus VO ¢ PV . On the other hand PV C Vl , since [X(£)P| S K for t =20 .
This proves the necessity of the condition (5).

Let PO be a projection with range V. whose nullspace contains the nullspace

0
of P . Then U'O = (P - PO)V is a subspace of PV supplementary to VO . We will
show that there exists a constant N > 0 such that
[x()g] = Nl for & € vy and tzo0 .
In fact, otherwise there exists a sequence of vectors €v € Vé with Iﬁvl =1 and a
sequence of numbers t, 2 0 such that ]X(tv)ﬁvl + 0 . By restricting attention to
a subsequence we may assume that EV + £ , where § € Vé and [&1 = 1 ., Since

[x(e gl = [x(e g + [X(x )E - £

1A

lx(e pE |+ K[E - gvl
it follows that |X(tv)£[ + 0 . Therefore £ € VO , which is a contradiction.

Thus for any vector £ € V we have, for 0 s =t ,

Nj(P - Po)gl = [%(e)(P - PE]

1A

[x(typE] + }X(t)POg}

A

< K|x(s)E| + |X(t)P0£|

Letting t - © we obtain
N[(P - PE] = K|X(s)E] forall szo0.
Therefore, for any vector & € V and all s

, €20

[x(0) (P - PE] = K[(P - P )E]

N x(sdE| .

iA

Hence

1x<t)9051 = |X(0)PE] + [X(£)(P - po)gl

1A

(1 + N_lK)K[X(s)EI for 0<s <t

and
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[X()(T - POE] = [X(0)(T - PIE] + [X(£)(P - PE|

< (1 + NHOK|X(s)E] for 0stss
Thus (1) has a dichotomy with projection PO .
Suppose now that Q is a projection satisfying the condition (5). By what we

have just proved we may assume that PV c QV , i.e., QP = P . There exists a

constant N' > 0 such that

|x()e| =N'|g] for £ €V, and t=z0

Therefore, for any vector £ € V and all s , t =0

Ix(£)(Q - P)E] = N'"[(Q - P)E]

1A

N'lol](z - P)g|

IA

KN’ Q] | x(s)E] -
It follows that for 0 < s < t
[%(t)QE] = (1 + N']QD)K[X(s)E]
and for 0 =t = s
IX()(T - QE] = (1 + ' |Q])K|x()E| .
Thus (1) has a dichotomy with projection Q . This completes the proof.

Finally we remark that in the case of an exponential dichotomy on the whole line
R the projection P 1is uniquely determined. In fact, if X(0) = I , the range of
P is the subspace of initial values of solutions bounded on the positive half-line

R+ and the nullspace of P 1is the subspace of initial values of solutions bounded on
the negative half-line R_ . Also, if the equation (1) has an exponential, or
ordinary, dichotomy (2) on each of the half-lines R+ » R with the same projection

P then it has an exponential, or ordinary, dichotomy on the whole line R with

projection P .



3. DICHOTOMIES AND FUNCTIONAL ANALYSIS

Throughont this lecture we will assume that A{t) is a continuous matrix

function defined on the half-line R+ and we will denote by X(t) the fundamental
matrix of the linear differential equation
x' = A(t)x (1)

such that X(0) = I . A vector function f£(t) will be said to be locally integrable

if it is measurable and fJIf(t)|dt < @ for every compact interval J ¢ R_. If
£(t) 1is locally integrable then by a solution of the inhomogeneous equation

y' = A(D)y + £ (2)

i

we will mean an absolutely continuous function y(t) which satisfies (2) for almost

all t .
Suppose first that (1) has an exponential dichotomy on R, . Thus there exists

a projection P and positive constants K , & such that

[x(£)Px L(s)] = ke ®tS) e oss <t ,
(3
Ix(0)(1 - Py L(s)] = ke @) e gt s
Then for any bounded continucus function £(t) the corresponding inhomogeneous
equation (2) has a bounded solution, In fact, it is easily verified that
y(8) = [EXCOPX () F(s)ds - [TX((T - PIX H(s)E(s)ds )

is a solution of (2) and

sup Jy(t)] = 207 1K sup |E(e)] .
=0 =0

Actually the formula (#) defines a bounded solution of (2) not only for any bounded

continuous function F£(t) but also for any locally integrable function £(t) such

t+
that jt l|f(s)]ds is bounded. This follows from
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LEMMA 1. Let Y(t) be a non-negative locally integrable function such that

fﬁ+lY(s)ds =C forall t=0.

If >0 then, forall tz 0 ,

]ge"“(t°8)y(s)ds <(1-eH e,
[:e'a(s*t)Y(s)ds =1-e%le
Proof. From
ft—m e'a(t"S)y(s)ds < ot olt-m), _ -am,

we obtain
(t-3) - 1
fge-a T8)y(s)as = Y ™= (1-e %

The second inequality is proved similarly.

Suppose next that (1) has an ordinary dichotomy on R, . Thus (3) holds with

o =0 . Then for any locally integrable function f£(t) with f?‘f(t)‘dt < e the

corresponding inhomogeneous equation (2) has a bounded solution, defined by the same
formula (4).

We intend to establish converses to these results. Let C denote the Banach
space of all bounded continuous vector functions f , with the norm

“f”c = sup ]f(t)l .
t=0

Let M denote the Banach space of all locally integrable vector functions f for

which f§+l]f(s}]ds is bounded, with the norm

t+1

+ |f(sy|ds .

HfHM = sugf
>

(The same space M , with an equivalent norm, would have been obtained if instead of
intervals of length 1 we had used intervals of any fixed length h > 0 )
Finally, let L denote the Banach space of all vector functions £ which are

Lebesgue integrable on R+ , with the norm

lel, = fjlece)]ar .

Then we will prove
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PROPOSITION 1. The inhomogeneous equation (2) has at least ome bounded solution for
every function £ € L 1if and only if the homogeneous equation (1) has an ordinary
dichotomy.

PROPOSITION 2. The inhomogeneous equation (2) has at least one bounded solution for
every function £ € M if and only if the homogeneous equation (1) has an exponential
dichotomy.

PROPOSITION 3. Suppose (1) has bounded growth. Then the inhomogeneous equation (2)
has at least one bounded solution for every function £ € C if and only if the

homogeneous equation (1) has an exponential dichotomy.

Let V be the underlying vector space (Rn or Cn) , let Ul be the subspace

of V consisting of the initial values of all bounded solutions of (1), and let V2

be any fixed subspace of U supplementary to Vl . Also let P denote the project-

ion with range Vl and nullspace V2 . The basic result is

PROPOSITION 4. Suppose the equation (2) has a bounded solution for every function
f € B, where B denotes any one of the Banach spaces L , M, C . Then there exists

a least constant vy = rB(P) > 0 such that, for every £ € B , the unique bounded

solution y(t) of (2) with y(0) ¢ U2 satisfies
<
Iyl = =g bel, -
Proof. It follows from the superposition principle that, for every £ € B , the
equation (2) does have a unique bounded solution y(t) with y(0) € V, . Moreover
the map T : £+ y is linear. We will show that T has a closed graph. Suppose
fn - f in B and y_ = Tfrl +y in € . Then

n

y(0) = iim y,(0) €V,

-+ CO

and, for any fixed t ,
t e gt
fof(s)ds = lim fofn(s)ds .
n‘)ﬂ)

Hence

i

y(t) - y(0) = lim fgy;(s)ds

N

i

eated

1im fg{A(s)yn(s) + £ (s)}ds
n
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= fg{A(s)y(s) + f(s)lds .
Thus y{t) is a solution of the equation (2). Therefore, since it is bounded,
y = Tf .

It now follows from the Closed Graph Theovem that the linear map T is

continuous. This proves the existence of some constant ry > 0 , and the existence of
a least one can be deduced immediately.
Put
X(£)PX H(s) for 0<s<t,

G{t, s) =
XTI - )X N(s) for 0=t<s .

Then G is continuous except on the line s = t , where it has a jump discontinuity.

If f is a function in B which vanishes for t > tl then —— cf. (4) -

tl
y(t) = ID G(t, u)f(u)du

is a solution of {2). Moreover it is bounded, since

t -1
y(t) = X(t)PfO X T(f(udu for t2zt, ,

and
-1
y(0) = -(I - P)fo X T(wlwdu €V, .
Therefore, by Proposition 4,
Iyl = eglely -

We can now complete the proof of Proposition 1. Let & be any constant vector

and let f be the function defined by

E for s<t=<s+h,

f(t) =
0 otherwise,
where s =20 and h >0 . Then f €L and ”f”L = h|g| . Therefore
ly(o)] = Ifi*he(t, wEdu| < thlzl .

Dividing by h and letting h » 0 , we obtain for any t # s

loct, )] = » Jg] .
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Hence, since £ is arbitrary,

lett, ) =r .

Thus (3) holds with K = v, and o = 0 . By continuity, (3) remains valid also in

the excepted case s = t

The deduction of Propositions 2 and 3 is not quite so immediate. We suppose now
that the equation (2) has a bounded solution for every function f € C and put

r = PC . Take

() = ¢(E)x(t)/|x(t)]

where x(t) = X(t)£ 1is any nontrivial solution of the homogeneous equation (1) and
¢(t) 1is any continuous real-valued function such that 0 = ¢(t) <1 for all

t=20, o¢(t) =0 for t = ty - Then ”f”C < 1 and hence, by the arbitrary nature

of ¢,
tl -1
Ift 6(t, wx(uw)ix(u)] du] £r for 0=t <t and t=0.
0

Putting tl =t , resp. to = t , we obtain

v
+
v
o

]X(t)PEIIE lX(u)€|~ldu <r for t
0
(5)

1 -1
|x(E)(T - P)E‘ft [X(W)E]"du=r for t =t S .

Replacing & by PE , resp. (I - P)§ , it follows by integration that

IA

-1
fi ]X(u)PEI—ldu e " (t_S)f: IX(u)P£|-ldu for t2=2s 2+t
0 0

O >
(8)
t -1 t
fslIX(u)(I ~ P)El‘ldu <" (S-t)ftllx(u)(I - P)E]—ldu for t=s =1t .
We use these inequalities to establish
LEMMA 2. Suppose the equation (2) has a bounded solution for every function f € C
and let v =r, . Let x(t) be a solution of the corresponding homogeneous equation

C
(1) and put

xﬁt)=X0ﬂPflh)ﬂt),x%t)th)u - P L)x(t)

If, for some fizxed s = 0 ,

le(t)[ = Nlx(s)| for s=<t=s+r
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then

r—l(t—s)

1xl(t)l = el{x(s)]e” for s <t <o,

If, for some fizxed s 2 0 ,

A

!X2(t)| N|x(s)| for max (0 , 8 - 1) <t <=<s

then

r—l(s—t)

}x2(t)} < eNlx(s)le” for 0st<s.

Proof. We can write =x(%) = X(t)E for some vector & . Replacing t

i

0 by s and

s by s + r in the first inequality (6) we obtain for t=s +r

r/N|x(s)| = fz+r[xl(u)|-ldu

~1
<ee ¥ (t-s)fzﬁxl(u)1_ldu .

Using the first inequality (5), this gives for t 2 s + r

-1
I (0] = r[g[xlmrldu]

A

-1
< eNfx(s)|e™" (t=s)

Since the same inequality evidently holds also for s =t =s + r , this proves the

first assertion of the lemma.

The proof of the second assertion is similar, replacing s by s - r and tl

by s in the second inequality (8).
We now conclude the proof of Proposition 2. Since C ¢ M and L <M, the
equation (2) has a bounded solution for every £ € C and for every £ € L . This is

all the information that we will actually use. By Proposition 1 and its proof, (3)

holds with K = T and O = 0 ., Hence in Lemma 2 we can take N = s for every
solution x(t) of (1) and every s = 0 , and obtain (3) with K = er; and
a=r -1

c

We turn next to Proposition 3 and assume that (1) has bounded growth. Thus

u(t-s)

fX(t)X‘l(s)} = Ce for tzs ,

where C 2= 1 and u > 0 arve constants. Replacing £ by X_l(S)E and putting

ty =@ in the second inequality (5), this gives for t =s
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A

[X(E)(I - D)X T(s)E] = p[lex(u>x‘l<s>€|'ld§]

-1
u

rﬂ?dllil-lf:eU(s_u)d }

1A

Thus

[(t)(T - P)x'l(s)] s urC for t <s
In the same way

ult-s)

[x(e)(T - P)X—l(s)| < urCe for t =

and hence

uit-s)

]X(t)PX'l(s)| < (1 + ur)Ce for t

v
7]

Similarly, from the first inequality (5) we obtain
lX(t)PX_l(s)| = urc{} - e'“(t'sf}'l for t > s .

By using this inequality for t - s = h , where

-1 1+2ur
ne w33

and the previous inequality for t - s = h , we get

IX(t)PX—l(g)I = (1 + 2ur)C for all t=s .

It now follows from Lemma 2 that

-1
()P Ns)| 5 o1 + 2umice™ 3 g 0

A
0
1A
+

r_l(s—t)

|x(e)(1 - P)X”l(s)] < eurCe” for 0 <

A
[ad
1A
7]

Thus (1) has an exponential dichotomy.

When the coefficient matrix A(t) is bounded, which implies that (1) has bounded
growth, we can obtain slightly sharper values for the constants of the exponential
dichotomy. We will show that if |A(t)|] =M for t = 0 then

P-l(t—s)

[X(£)PX L(s)| = e(1 + ri)e” for 0 <s

1A
t

-1
|x(e) (1 - P)X 1(s)| = erte™™ (=t er 0=t

1A
2]

In fact, for any unit vector & put
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-X(£)(T - P)X‘l(s)g for 0

tA
t
1A
%]

y(t) =

\
w

X(t)PXhl(s)E - £ for t =
Then y(0) € V2 and y(t) is a bounded solution of the inhomogeneous equation (2)
with

0 for 0st=s,
£(t) =
A(t)E for t > s .

Hence, even though f is not continuous, ]y(t)[ <rM for t =0 . It follows that

|X(t)PX_l(s)l <1+rM for 0 <s

{A
+
M

[X(£)(T - P)X L(s)| =vM for 0 <t

1A
2]

The result now follows from Lemma 2.

We show finally, by an example, that the hypothesis of bounded growth cannot be
omitted in Proposition 3 (nor in Proposition 2.1). Let ¢(t) be a real-valued
continuously differentiable function such that 0 < ¢(t) =1 for all t =0,

"y >® as n+>o . Such a function can

[/(e) - 1}at <o, and ¢(n)/é(n - 27
easily be constructed explicitly. The homogeneous equation

x' = [p'(t)/d(t) - 1Ix (7)
has the solutions x(t) = x(O)e_t¢(t) . Forall t=0

JEem g0y r6(s)as

f§|x(t)/x(s)|ds

1A

e't¢(t)f§esds + fg{l/¢(s) - 1}ds

A

1+ f:{l/¢(s) - 1}ds

Hence for any bounded, continuous function £(t) the inhomogeneous equation
y' = [07()/¢(x) - 11y + £(1)

has the bounded solution
y(t) = [olx(0)/x(s)}E(s)ds

The equation (7) is asymptotically, and even exponentially, stable, since ¢(t) is

bounded. On the other hand it is not uniformly stable, since

x(n)/x(n - 277) »® as n .

It seems desirable to exclude such behaviour.



4. ROUGHNESS

One of the most important properties of exponential dichotomies is their
roughness. That is, they are not destroyed by small perturbations of the coefficient
matrix. This was first proved by Massera and Schaffer (1958) under the assumption
that the original coefficient matrix is bounded. Later Schidffer (1963) removed this
assumption. Both these proofs depend on the functional analytic characterisation of
exponential dichotomies and hence, ultimately, on the closed graph theorem. Coppel
(1967) gave a completely elementary proof. The key idea was to show that the general
case can be reduced to the much simpler special case in which the coefficient matrix
A(t) commutes for every t with the projection P of the exponential dichotomy.
This is a useful general principle, but the resulting proof of roughness is somewhat
indirect. A direct and elementary proof was given by paleckil and Krein (1970), but
under the assumption that A(t) is bounded. We will show here that this assumption

can be quite easily removed.

To avoid interrupting the argument we first prove

LEMMA 1. Iet o¢(t) be a bounded, contimuous real-valued function such that

-at

¢(t) = Ke + edf;é_alt_u[¢(u)du for all t=o0,

where K , o , 8 are positive constants. If 6 < % then

gt

G{t) < pKe for all t2z2 0,

where

8 = a1 - 28)% , 0= o M1 - (1 - 26)%} .

Proof. Consider the corresponding integral equation
- ~alt-
V(t) = ke OF 4 eafge 't u[q}(u)du .

By separating the interval of integration {0 , ®) into two parts, [0 , t]
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and [t , ©) , we see that any bounded, continuous solution Y(t) 1is differentiable

and

-o(t-u)

t
P(t) = —aKe ™t 6u2f0e y(u)du

+ eagfze'“(u't)w(u)du .
Hence Y(t) is differentiable again and

%ke™%% _ 260%y(t) + ea3I:e““|t‘u|w(u)du .

UJ”(t) _—
It follows that P{(t) is a solution of the differential equation

Vo= 021 - 2000 .

Since we are assuming that Y(t) is bounded this implies, if 6 < % , that

-Bt

Y(t) = ce 8 R

for some constant ¢ . Substituting this expression for Y(t) back in the integral
equation we obtain ¢ = pK . Thus the integral equation has the unique bounded,
continuous solution Y(t) = pKe_Bt .

It is easily verified that, for any constant L = e_lK .

Q

L= Ke % 4 eaf:e—alt_u‘Ldu for all t2= 0

If we choose L > sup ¢(t) it follows by the method of successive approximations that
the integral equation has a solution ¥(t) such that &(t) = P(t) <L for all

t =0 . Since Y(t) 1is uniquely determined, the result follows.

By applying the preceding lemma to ¢(s - t) we obtain at once

LEMMA 2. Let ¢(t) be a continuous real-valued function such that
p(t) = Ke-a(s_t) + Bafze_a[t_ul¢(u)du for 0=t=<s,

where XK , o , 0 are positive constants. If 8 <% then

-B(s-t)

d(t) = pKe for 0=t =<s,

where

B = a(l - 26)% , 0= o711 - (- 29)%} .

Now let A(t) be a continuous matrix function for t = 0 and let X(t) be the

fundamental matrix for the linear differential equation

x' = A(t)x (1)
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such that X(0) = I . We assume that the equation (1) has an exponential dichotomy.

Thus there exists a projection P and positive constants o , K such that

Ke_a(t_S) for t=zs,

1A

|x(t)Px'1(s)l
(2)

[X(£) (I - PIX L(s)| = ke ®(5°D)

A

K for s Z t .
Let B(t) be a bounded, continuous matrix function. We wish to show that if

8§ = sup |B(t)]
=0

is sufficiently small then the perturbed equation
y' = [A(t) + B(D) ]y (3)
also possesses an exponential dichotomy.
For any bounded, continuous matrix function Y(t) set

IYl = sup [¥(t)
20

and

TY(t)

X(E)P + [TX(H)PX T ()B(wY (w)du

- [ - P)X T(WB(WY(w)du .

Then

A

ITr(0)] = %™ + kv (/Fe W B(w) | au

+ f:e_U(u_t)|B(u)|du} .
It follows that TY(t) is again bounded and continuous, and

ITY] < x + 207 ks]y) .

Similarly we obtain

Iy - 79 < 207 'x80¥ - ¥ .
Hence, by the contraction principle, if

0 = o tks < %,

then the mapping T has a unique fixed point. Denoting this fixed point by Yl(t)

we have 1
¥, (1) = X(©P + [IXCHPX (w)B(w)Y, (w)du
0 ! (1)

- [ - P)X " (w)B(w)Y, (w)du .



31

It follows that Yl(t) is differentiable and is a matrix solution of the differential

equation (3). Since Yl(t)P is also a fixed point of T we have Y _{(t)P = Yl(t) .

‘1
In particular, if Q = Yl(O) then

QP = Q .

From (4), with t replaced by s , we obtain also
-1 _ S -1
X(OPX ()Y, (s) = X(0)P + [ X(£)PX (w)B(W)Y, (wdu .
Combining this with (4) we obtain

Y () = XX MY () + [Tx(ePX WY, (wau

- [xtoa - P)X_l(u)B(u)Yl(u)du i

On the other hand, setting t = s = 0 in (5) we get
PQ =P .
It follows that Yl(t)Q is also a fixed point of T and hence

Yl(t)Q = Yl(t) .

For t = 0 this shows that Q is a projection,

If ¥{(t) is the Ffundamental matrix of the equation (3) such that Y(0) = I

then

Yl(t) = Y(£)Q .

Put

Y(t) = Y(:e)(I - Q) ,

so that Y(t) = Yl(t) + Y2(t) . By the variation of constants formula,

¥,(6) = X(O(T - @) + [SX(0)X M wBw)Y, (w)du

Replacing t by s and using the fact that (I - P}(I - Q) =1 - Q we get

X((T = PIXH(s)Y,(s) = X(E)(T - Q)

+ [3X0O - PX N WBWY, (wau .

Combining this with the previous equation we obtain

(5>

(83

(73
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Y,(8) = X - )X ()Y, (s) + [EX()PX T (wB(WY, (wdu
(8)
s -1
- [IXG(I - PXTT()BWY, (wdu .

It follows from (6) and (8) that, for any vector §& ,

|7, (0e] Ke_a(t_s)|Yl(s)£| + eafZe-a[t_ullYl(u)£|du

IA

for tzs=20,

IA

v, 0E] = 1Dy o] + oafZe T8y we]au

for s = t=20.

Hence, by Lemmas 1 and 2,

1A
v
(9]
v
o
-

v, (0g] = ke BTy (o)g] for
(9)

|Y2(t)£i pKeﬂB(S-t)le(s)€| for s =

1A

v
t
v
(=)

where

% - %
B=oall-207,p0=08"{1-(1-20".
To deduce from the inequalities (9) that the differential equation (3) has an
exponential dichotomy it is only necessary to show that Y(t)QY_l(t) is bounded.

From (4) we immediately obtain
X(£) (T - POV (6) = -[Tx(e) (T - P HWB(w)Y (w)du
Since, by (9),
|Yl(u)£| < pKe”B(“"t)|Yl(t)£| for u =t

it follows that

—(ot+8)(u—t)du

A

[x(£)(T - P)X_l(t)Yl(t)El < SapKlYl(t)£|f:e

n|Yl(t)£| s (10)
where n = (p - 1)K . From (7) we obtain similarly
X(0PX Ty, (1) = [xPx Hws(wy, (wau .
2 0 2
Since, by (9),

|Y2(u)El =< pKe‘B(t"u)IYQ(t)EI for 0 <u<t
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it follows that

A

%X ()Y, (0E] = Bapk|v, (0] [l @B Wy

1A

ﬂin(t)il . (1D)

Now it is easily verified that

()Y (1) - x()PX 1) = X(0)(I - P TO)Y()er i)
- XOP O - v ) .
Replacing & by Ynl(t)g in (10) and (11), for an arbitrary vector & , we obtain

IY(t)QY"l(t) - X(t)Px‘l(t)l < n(yl + Y2) .

where
Y (1) = !Y(t)QY'l(t)l > Y1) = Ir(e)(r - Q)Y’l(t)] .
Hence
Yy < n(yl + Yz} + K.
Since

T ) - x(0PX H) = X(£)(I - P)X F(p)

- Y(e)(I - Q)Y_l(t) s

we have equally
Y, = n(yl + YQ) + K .
Adding, we obtain
Yy, 4y, <201 - 2m)7i
1 2
if n <% , and hence
Y5 ¥, = (1- 27
1 2~ )

If in (9) we replace £ by Ynl(s)ﬁ we now cbtain the exponential dichotomy:

lv(e)or H(s)] Le~B(t-s)

A

for t=2s290,

YT - QY sy = 1B D)

1A

for s2t=20,

where L = (1 - Qn).lpK2 .
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There is no special merit in the values of the constants. The condition n < %
is certainly satisfied if 6 < 1/4K . Since necessarily K =z 1 , some elementary

calculations yield the following simpler final statement:

PROPOSITION 1. Suppose the linear differemtial equation (1) has an exponential
dichotomy (2) on R, . If

§ = sup |B(t)] < a/ux®
t€R+

then the perturbed equation (3) also has an exponential dichotomy:

[Y()Qr 2 (s)| = (572)K2e (@ 2K(t=8) o v o g5 0,

A

2 -(0-2K8)(s-1t)

[Y(£)(1 - Qv )| = (572)x% for sztz=o0,

1A

where Y(t) <s the fundamental matriz for (3) such that Y(0) = 1 and the

projection Q has the same nullspace as the projection P .

Moreover

[Y(t)QY'l(t) - x(t)PX'l(t)l < a3 for all t=0 .
The roughness of exponential dichotomies on R can be deduced from this result.

Suppose (2) holds on R and

§ = suwp |B(O)] < a/uk’ .
t€R

Then the perturbed equation (3) has an exponential dichotomy on each of the half-

lines R, , R with corresponding projections Q' , Q'' . Moreover Q' has the same

nullspace as P , I - Q'' has the same nullspace as I - P , and (by the proof of

Proposition 1)
' -1 re -1
Q' - P[ =8(1-20)""x, |Q'" - ®] £8(1~20)"x,

where 6 = o TK§ < 1/4K . Thus

Q’P - Q' s PQS

"
el
“w

Q!!P = P , PQ!I = Q)? ,
and Q' - Q"' <1 . Put
§=1+Q -Q" ,Q=sprs
Then Q 1is a projection and

SP = Q' , S(I - P)

1]
=]

1
<
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It follows that Q has the same range as Q' and the same nullspace as Q"'
Consequently the equation (3) has an exponential dichotomy on each off the half-lines

R+ » R_ with common projection Q , and therefore an exponential dichotomy on R
with projection Q (and exponent o - 2K§).

We consider now the roughness of ordinary dichotomies and, to illustrate a
different method, we will use their functional-analytic characterisation {Proposition

3.1). We propose to prove

PROPOSITION 2. Suppose the linear differential equation (1) has an ordinary
dichotomy on the half-line R, - If

f:|B(t)|dt <o

then the perturbed equation (3) also has an ordinary dichotomy on R_ . Moreover
there exists an invertible matriz T such that (1) has a dichotomy with projection
P if and only if (3) has a dichotomy with projection tpT .

In fact this will follow from

PROPOSITION 3. Suppose the linear differemtial equation (1) has an ordinary
dichotomy on the half-line R+ . If

[HlBo)]ar <=, [Tleo)]at <

then there is a one-to-one affine mapping between the bounded sclutions of the
equation (1) and the bounded solutions of the inhomogeneous perturbed equation

y' = [A(f) + B(t)ly +.£(¥) , (12)
such that the difference between corresponding solutions tends to zero as t + = .
Proof. Again let X(t) be the fundamental matrix of (1) such that X(0) = I . Then
there exists a projection P and a constant K > 0 such that

ix(t)PX’l{s)I <K for t2s20,

[x(e)(1 - P)X_l(s)f <K for sZt=0 .

Moreover, by Proposition 2.2, we can suppose that IX(t)PEI >0 as t =« for any
vector £
Choose to 2 0 so large that

8 = k[, [B(O)]ar <1,
0
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For any continuous function y(t) with

”Y” = sup !y(t)l < @

>
t_to

set

Ty(o) = ff X()PX T(s)[B(s)y(s) + £(s)1ds
4]

- [ - P)x N(s)[B(s)y(s) + £(s)lds .

Then Ty(t) is again bounded and continuous. Moreover, for any two bounded con-

tinuwous functions y.(t) , y,(t) we have
1 2

Iy, - Tyl = Kf:;|B(s)||yl(s) - y,(s)as

< -

= oly, - 1,1 -
Let =x(t) be any bounded solution of the differential equation (1). Then by the
contraction principle, the integral equation

y(t) = x(t) + Ty(t) (13)
has a unique bounded continuous solution y(t) . It is easily verified that y(t)

is a solution of the differential equation (12). Conversely, if y(t) is a bounded

solution of (12) then =x(t) = y(t) - Ty(t) 1is a bounded solution of (1).

Thus (13) establishes a 1-1 affine mapping between the bounded solutions of

(12) and (1). Given any € > 0 we can choose t, Z t, so that
KE[B@HW@H+]HQH®<E.
1
Then

t
|Ty (o)} = |X(t)Pj;lX_l(s)[B(s)y(s) + f(s)lds| + ¢
0

< 2¢ for all large t .
Thus y(t) - x(t) + 0 as t =+ » ,

Proposition 3 shows incidentally, for B(t) Z 0 , that if the homogeneous

equation (1) has an ordinary dichotomy on R, then for any function £(t) such that

fglf(t)ldt < e
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the inhomogeneous equation
y' = A(t)y + F(t)

has at least one bounded solution which tends to zero as t >



5. DICHOTOMIES AND REDUCIBILITY

Consider the linear differential equation
x' = A(D)x , (1)

where the coefficient matrix A(t) is continuous on an interval J . The equation

(1) is said to be kinematically similar to another equation
y' = B(t)y (2}

if there exists a continuously differentiable invertible matrix S(t) which satisfies

the differential equation
s’ = A(t)S - SB(t)

and which is bounded, together with its inverse, on J . The change of variables

x = S(t)y then transforms (1) into (2).

We will say that the equation (1) is reducible if it is kinematically similar to

an equation (2) whose coefficient matrix B(t) has the block form

Bl(t) 0
>
0 B, (1)
Bl(t) and Bz(t) being matrices of lower order than B(t) . In coordinate-free

terms this means that there is a projection P # 0 , I which commutes with B(t)

for every t € J . It may be noted that although this definition agrees with the
definition of reducibility in linear algebra, it differs from Lyapunov's use of the
term. (Lyapunov calls an equation (1) reducible if it is kinematically similar to an

autonomous equation.)

We are going to show that if the equation (1) has an ordinary or exponential
dichotomy with projection P # 0 , I then it is reducible., We will denote by
| €ll the FEuclidean norm of the vector £ . Then the induced matrix norm [JA|| is the

square root of the largest eigenvalue of A%*A . A projection P 1is said to be
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orthogonal if P% = P .,

LEMMA 1. Let P be an orthogonal projection and let X be an invertible matriz.

Then there exists an invertible matrix S such that

1

sps™t = xpxt

%
sl = 2%,

- _ - %
Is7H = thxex )12 + fixcz - x 7t %7 .

Moreover, if X = X(t) <s a continuous, or continuously differentiable, function of
t on an interval J we can take S = S(t) to be a continuous, or continuously

differentiable, function of t on the same interval.

Proof. Since any positive Hermitian matrix has a unique positive square root, there
exists a unique R = R* > 0 such that

R2 = PX*XP + (I - P)X*X(I - P)

-1

. 2 . .
Moreover, since R commutes with P , so also does R , Thus if we put S = XR

then S has the first required property. Since
I = PS#*SP + (I - P)S®S(I -~ P)

we have, for any vector § ,

{|Ispe]] + |ls(z - PE||}?

1A

lIsell

2{fspell? + ||z - PE]%)

IA

2|lel)? .

On the other hand,

-1 1 .

yes™l = xLpxaxpxt

(s + xx - pyxEx(T - P)XT

and hence

-1y2 1 2
I I i

lls < ||xpx~ 2, lx(r - P)x L

The last remark follows from the fact that the positive square root of a continuous,
or continuously differentiable, positive Hermitian matrix function is again

continuous, or continuously differentiable.
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LEMMA 2. Let X(t) be a fundamental matrix for the linear differential equation

(1), and suppose there exists an orthogonal projection P such that X(t)PX_l(t)
bounded for + € J .
Then the equation (1) is kinematically similar to an equation
z' = ¢c(t)z
whose coefficient matrix C(t) <is Hermitian, commutes with P , and satisfies

lete) |l = [[ae)|]  for every t € J .

Proof. Under the present circumstances the functions R(t) and S(t) of the

previous lemma are continuously differentiable. The change of variables x = S(t)y

transforms (1) into (2) , where B = S—l(AS - 8') . Since (2) has R(t) as a

fundamental matrix, B = R'RL commutes with P .
Let U(t) be the fundamental matrix for the equation

u' = H[B(t) - B*(t)Ju

such that U(to) = I for some tO € J . Then U(t) is unitary for every t € J ,

since the coefficient matrix is skew-Hermitian. Moreover U(t) commutes with P

every t € J , since B®(t) commutes with P#* = P and the solutions of (4) are

18

(3)

(4)

for

uniquely determined by their initial values. It is easily verified that the further

change of variables y = U(t)z transforms (2) into (3), where

() = U H(E)B() + BE(H)Iu(t)
is Hermitian and commutes with P for every t € J .
For each fixed t there exist real numbers A , U such that
AI £ A+ A% = ul
If A has its greatest value and U its least value then
Ha + a%|| = max{|A]| , ]ul} .
From the definition of R we have
RR' + R'R = PX*(A + A%)XP
+ (I - P)X%(A + A®)YX(I - P)
It follows that

ARQ < RR' + R'R = uR2

and hence

AL=rR'R T+ RIR < ul .
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Therefore
1B + B=jl = Jla + a%)] .
Since U is unitary and [ja%]|] = ||a]] this implies
flell = %8 + 8[| = [lall .

Finally, we have x = T(t)z , where T{(t) = S{(t)U(t) satisfies
%
[Tl =27,

- - - %
It = {xr o )? + Ixtoa - px o )% .

It follows at once from the definitions that kinematic similarity preserves an
exponential or ordinary dichotomy. Lemma 2 provides the following more precise

result:

LEMMA 3. If the linear differential equation (1) has an exponential or ordinary
dichotomy

-a{t-s)

Ix(epx )| = ke For t =

\
]

(5)

%@ - 2 M) = ke (=D

1A

K for szt ,

where P = P% | then there exists a continuously differentiable invertible matriz
T(t) with

ITee)]) = P , ||T'l(t)ll < 2% s

such that the change of variables x = T(t)z transforms (1) into an equation (3)
whose coefficient matrixz C(t) 1s Hermitian, commutes with P and satisfies
et )] = {|ace)|| for every + € J .

The fundamental matriz 7(t) = T_l(t}X(t) of the equation (3) commutes with P

for every t € J and satisfies

2 ~af{t-s)
e

llzcorz Hs) || < 2 for t

v
]
-

lzerr - 2z ()] 2_-a(s-t)

IA

2K for s =zt .

The advantage of this transformation is that it eliminates the interaction of
the 'big' solutions with the 'small' solutions. It will now be used to establish the
roughness of exponential dichotomies on an arbitrary interval. It is sufficient to
consider the case where the projection P is orthogonal, since any projection is
similar to an orthogonal projection and, in fact, to a uniquely determined matrix of
the form
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where 0 =k =mn .

PROPOSITION 1. Suppose the linear differential equation (1) has an exponenticl
dichotomy (5) , where P = P* agnd K= 1

if

, o> 0.

6 = sup |[B(DH]] = OL/36KS
teJ

then the perturbed equation
y' = [A(t) + B({t) ]y

also has an exponential dichotomy:

3
HY(t)PY_l(s)H Kse-(a-ex §){t-s)

A

12 for <t

v
7]

A

3
lltc)(T - )Y L(s)|| = 1276~ (08K 8)(s-1)

v
t

for s
Moreover, for all t € J ,

Hycery 2(e) - X(t)PX_l(t)H < 1uua %

Proof. We make a linear change of variables x = T(t)z , as in Lemma 3. This

transforms (1) into (3) and the perturbed equation (6) into

w' = [c(t) + D()Iw ,

(8)

(7)

where D(t) = T—l(t)B(t)T(t) . Thus {|D(t)}] = 2K§ . Our object now is to transform

the equation (7) into a kinematically similar equation whose coefficient matrix

commutes with P .
For any matrix E put

F

1]

PEP + (I - P)E(I - P) ,

E

2 PE(I -~ P) + (I - P)EP ,

so that E = El + E2 . Evidently El commutes with P . We look for a change of
variables w = S{t)v which transforms (7) into

v = [C(t) + {D(t)s(t)}l]v .

This will be achieved if S(t) satisfies the differential equation

(8)
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s$' = ¢(t)S - sc(t) + D(t)S - s{D(t)s}l R

]

or putting S(t) = I + H(t) , if H(t) satisfies the equation

Hl

i

COOH - HO(t) + {D(e)(T + W)}, - B{D(L)(T + W)}, .
Consider the integral equation H = TH , where

TH(t) = [;z(t)PZ-l(s)[I - H(s)ID(s)LT + H(s)IZ(s)(T - P)Z L(1)ds

- Py - 2z eI - HGs)ID(s)ET + H(s) 12(s)PZ H(t)ds
T

and J = (a , b) . For any bounded continuous matrix function H{(t) set

Il = suwp flHCO]] .
t€d

Using Lemma 3 and the identity
(I -6)D(I +6) ~ (I - B)D(I + H)
= (H - G)D - D{H -~ G) + (H - G)DH + GD(H - G)

we see that if [H| =%, 6] € % then

lITaee) - Teo) || = 126 - Gﬂ{f:e“ga(t"S)]]D(s)llds

+ e sy as}
and hence
ITH - Tof = 120”2 H - oflp] .
Similarly for [H| % we obtain
ITace) || = ot (/5 2= jince) ffas + [2e* (=7 |Ings) [l as)
and hence
ITa) = 9o **|p] .

Thus if & = a/36K5 then T 1is a contraction and maps the ball J#l = % into
itself, Consequently, by the contraction principle, the integral equation H = TH

has a unique solution H(t) in |4 = % .

Moreover

lu] < 180" M55 .

The solution H(t) is differentiable and satisfies the differential equation

(3

(10)
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H' = C(t)H - HC(t) + {(T - BID(L)(T + H)}2 .
Moreover H(t) = H satisfies
PHP = 0 , (I - P)H(I - P) = 0

Hence H = PH + HP , from which it follows that H(t) is also a solution of the
differential equation (10). Then S(t) =TI + H(t) satisfies (9) and lsh < 372,

st <2.

Since the coefficient matrices of (3) and (8) commute with P these equations
decompose into two independent systems to which we can apply Proposition 1.1, or

Proposition 1.1 with t ©replaced by -t . Since

|]{D(t)S(t)}ll| = |In(e)s(t)|| = 3xé
it follows that the equation (8) has a fundamental matrix V(t) satisfying

3
V()pv (o) || = 2k’ (@BK ) (x=9)

1A

2

2 —(a—6K36)(s—t>
K'e

1A

vee)(r - P)V_l(s)H 2 for s = t .

Hence Y(t) = T(t)S(t)V(t) is a fundamental matrix for (6) satisfying

Be—(a—SKSG)(t—s)

A

for t

v
9]

llvcopy i) = 12x

3 ~(a-6K°8)(s-1)
K'e

v
~+

[[y(ey(r - P)Y"l(s)ll =12 for s

Moreover

Y(PY T t) - (0P T(t) = T(6)[s(6)Ps ) - PIT L(t)

and, since ”H” =%,

[Isceyps ™) - p|| = ullH(O]] .

It follows that

lyce)py (o) - X(t)PX_l(t)H < 1uu0tx%s

The constants in Proposition 1 are cruder than those in Proposition 4.1 and, as
it stands, there is also a restriction on the norm and the projection. However,

Proposition 1 applies to exponential dichotomies on arbitrary intervals.

The propf shows too —- cf. Lemma 3.1 — that if (1) has an exponential dichotomy
on J and if, for some fixed h > 0 ,

1,t+h
It

§ =sup h [B(s)|ds

ted

is sufficiently small, then (8) has an exponential dichotomy on J with the same
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projection. Finally, by appealing to Proposition 1.6 instead of to Proposition 1.1,

we can prove

PROPOSITION 2. et A(t) and B(t) be continuous matriz functions on an interval
J  such that

Ao =m, |B(O)| =u,
and suppose there exist comstants K = 1 , o > 0 and a projection P such that

-a(t-s)
e

Ix(0)Px (s)] = X for tz

ke (st for szt ,

A

[%X(£)(T - P)Xx L(s)]

where X(t) is a fundamental matrix for the limear equation (1). Then for any
positive constant € < o there exist positive aeonstants T = T(P , K) and
§ = 8(Ps X, M, a, €) such that if

1ft28(t)dt[ =8 for |t, -t ] = elr
) = 27 Nl =
then
Yoy s)] = ke @ E)ES) o v 5o
YT - v sy = kem @) o gxy

where Y(t) 1is a fundamental matriz for the perturbed equation {(6) and
K=KP,z1.

As an immediate application we obtain

PROPOSITION 3. ZLet A(t) be an almost periodic matriz function and suppose that all

etgenvalues of its mean value

o oqin LT
Ay = lim of _A(t)de
T

have real part different from zero. In fact, let A, have k eigenvalues with real

0
part < -0 <0 and n - k etgenvalues with real part > B8 > 0 .
Then for all large w > 0 the equation
x' = Alwt)x
has a fundamental matriz X{t) such that

-o(t-s)
e

Ix(t)ﬁx"l(s)} < K for tzs ,

-B(s-t)

[X()(I - B)x L(s)| = Le for sz
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where K , L are positive constants independent of w and



6. CRITERIA FOR AN EXPONENTIAL DICHOTOMY

Proposition 1.5, with o < 0 , gives a sufficient condition for uniform

asymptotic stability. We intend to derive an analogous sufficient condition for an

exponential dichotomy. We first establish some preliminary results.

LEMMA 1. There exists a numerical constant kn > 0 such that, for every non-singular

n Xxn matrix A,

Proof. Let

Since

1A

and IAj]

Since a_ = det A
n

Thus we can take kn

(a7l < kn]Afn—l/fdet Al

det(AI - &) = A" - alx“'l oot (—1)“an

= (A - Al) vee (A - An) .
=Y A, a8, = LA, e, A = A ... A
1 3 j 2 <K ik n 1 n

|a]l  we have ]ak| < (§]|A|k . But, by the Cayley-Hamilton theorem,

-1 _ n-1 n-2
a A= (-A) + al(~A) +eeta (T

it follows that

n~1
ldet al[a™} = [a>L Y ("] YN Lo

k
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LEMMA 2. There exists a numerical constant hn > 0 such that, if A Zs an n X n

matrix which has k eigenvalues with real part < - o and n - k eigenvalues with

real part = o , for some o > 0 , them any matriz B satisfying
B - Al = eCes]aD™,

where 0 < € < a, has k eigenvalues with real part < -a + €& and n - k

etgenvalues with real part 2 o - €.

Proof. If |RA[ <a - e and |A| = 2|A| then, by Lemma 1,
-1 n-1/n
[(a - xD7H < x (aap™ /e .
If |A] > 2|A| then

faa - an™ = 7Y a - a7t

lahta + 2?2 )

A

[a]™*

kn<3|A|)“'%“ ,

since € < a = |a| and kn > 1 ., It follows that if

]

A

< I n-1
[B - Al = e/ (3]aD)

then B - Al is invertible for [RA| < a - € , since
(B - A1) - (A - AD)| = [B - a| < |(a - aD)7H7E .

Thus all eigenvalues of B have real part <= -a + € or 2 a -¢€ . If
B(8) = 8B + (1 ~ 8)A then

[B(8) - A| = |B-A] for 0<B=1.

Since the eigenvalues of B(8) are continuous Ffunctions of 6 it follows that A

and B have the same number of eigenvalues in the left half-plane.

LEMMA 3. There exists a-numerical econstant e, > 0 such that, i1f A s an n X n

matriz whose eigenvalues all have real part < -a or z o, for some o > 0 , and if

P is its spectral projection for the left half-plane then
Ip} = cn(a—l]Af)n-l .

Proof. We assume n > 1 , since the result is trivial for n = 1 . We have
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1 -1
P = —Q—Efy(zl - A) dz N

where Y is any rectifiable simple closed curve in the left half-plane which contains
in its interior all eigenvalues of A with negative real part. We will take

Y = Yl U YQ , where Yl is the left half of the circle Izt = 2¥A{ and Y2 is a

segment of the imaginary axis. On Y, we have

[z - &Y = |27 - 2t
<27 YAt e 2t s 2724 )
= a7t
Therefore
<w.2lal . |al"t=om .

][Y (21 - a) taz]
1

On the other hand, by Lemma 1,

I (z1 - m7Y < anzI - A[n-%/ﬂdet(zI - &)
n
=k fz1 -2/ 1z - A,
n / =1 3
where Al’ ey Xn are the eigenvalues of A . Therefore

n
|/, (1 - Mtz < kn(BIAI)n_lfcjm nojiy - Kj|~ldy .
2 j=1

But |iy - kjl > o and, by Schwarz's inequality,

2
fj”’ﬁl liy - Aj{“ldy < ffm(az + yz)_ldy = ot
J:

Hence

1]Y (21 - A)‘ldzi < ﬂkn(Ba—lIAI)n_l .
2

Thus for the projection P we obtain finally
[Pl =1+ % 3“"'lkn(ofl|A|)"'l .

Since o =< !A’ , this inequality can be written in the required form.

Suppose now that A(t) is a continuously differentiable matrix function
satisfying the conditions of Lemma 3 for every t in some interval J . Then from

the formula
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' - L _ -1 -1
P'(t) = 2Wi[Y[zI A(E)TTTA(1)[2I - A(2)] Tdz
we obtain in the same way
- on-
(0] = a_ta7Ha))H?® lIA'(t)I//IA(t)| ,
where dn > 0 1is a numerical constant.

We are now ready for our main result.

PROPOSITION 1. Let A(t) be a continuous n X n matrix function defined on an
interval J such that

(i) A(t) has k eigenwalues with real part = -a < 0 and n - k eigenvalues

with real part = 8 >0 for all t €J,
(i) |A()| =M Forall t €J.

For any positive constant € < min(a , B) there exists a positive constant
§ =686(M, a+ B, €) such that, if

<h,

latt,) - A(tl)l =8 for |t, - tl|
where h > 0 s a fixed number not greater than the length of J , then the equation
' = A(t)x (L)

has a fundamental matriz X(t) satisfying the inequalities

|X(t)§x_l(s)l Ke'(a‘€)(t—s)

tA

for t =

v
1]

(2)
Lom(B-E)(s-t) o

1A

Ix(t)(1 - B)x (s)] szt

where K , L are positive constants depending only on M , a + B , € and

I 0
P = k .
0 0
Proof. The change of variables X = e(a_e)t/Qx replaces A(t) by

A(t) + 5(a - B)I , 0 and B by %(o +B) , and M by 2M . We may therefore assume
from the outset that B = a .

Suppose first that A(t) is continuously differentiable with |A'(t)| =6 for
all t € J . By Proposition 1.5 we may assume that 0 < k <n . Let P(t) be the
projection corresponding to A(t) as in Lemma 3. Then P(t) is continuously

differentiable and
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[P} = e @ Haw)

[P ()]

A

dn(a‘lgA(t>1)2““1lA'<t>x//;A<t>; )

Since P(t) 1is a projection we have

P' = P'P + PP’ , PP'P = O . (3)
Let W(t) be the solution of the linear differential equation

W= [PIOP(t) - PP (DWW (1)

which takes the value I at a fixed point s € J . Then W(t) is invertible for
every t € J . Using (3), one readily verifies that P(t)W(t) is also a solution of
(4). Therefore, since the solutions of (4) are uniquely determined by their initial

values,

P(LIW(t) = w(t)PO s

l(t) . Since PO is similar to P and

0 <k <n , it follows from Lemmas 5.1 and 5.2 that there exists a continuously

where PO = P(to) . Thus P{t) = W(t)POw"

differentiable invertible matrix function T(t) such that
= -1
P(t) = T(x)PT () ,

with |T(t)||T_1(t)] < alP(t)| , where a is a positive constant depending only on
the norm (here and in what follows). Moreover, if B(t) is the coefficient matrix of
(4), then
-1 -1 f
C(t) = T "(£)B(LIT(L) - T ~(£)T" (%)

satisfies |C(t)| < a|B(t)| . It follows that

lT'l(t)T'(t)I = alp(o)||p' ()] .
If in equation (1) we make the change of variables x = T(t)y we obtain the
equation
y' = D) - THOT O, (5)
where D(t) = T_l(t)A(t)T(t) . Since A(t) commutes with P(t) , D(t) commutes
with P, Thus the equation
z' = D(t)z (6)

decomposes into a system of order k and a system of order n - k . Moreover D(t)
has the same eigenvalues as A(t) and has P as spectral projection for the left
half-plane. Consequently we can apply Proposition 1,5, or Proposition 1.5 with t
replaced by -t , to the two systems into which (6) splits. Since
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p' = -t i 4 7 larr & DTN

we have
1
]

Ip" ()] = ala” ﬁ(t}l}un—slA'(t)l .
It follows that there exists a positive constant Sl = él(M , 8 , €) such that, if

8§ = 8. , the equation (6) has a fundamental matrix 2(x) satisfying

1
IZ(t)ﬁz-l(s)l = Kle_(amE/Q)(t_s) for t2z s,
l2(e)(x - Byzhe)] = ke O g oy
where Kl = Kl(M > & 5 €) . Therefore, by the roughness of exponential dichotomies

(Proposition 5.1), there exists a positive constant &, = & (M , o, €) =8, such
p 2 2 1

that, if & = 62 s the equation (5) has a fundamental matrix Y(t) satisfying

lY(t)§Y“1(3)§ K e—(a~€)(t-s)

A

for tz2s ,

lv(ey(r - F)Y—l(s)l = Kze_(a—a)(s_t) for s =2

where K2 = KQ(M s & 5, €} . Since the original equation {1) is kinematically similar
to the equation (5), this proves the result under the present hypotheses.
We consider now the general case. Put

_ -lrtth
A (t) =h ft

A(u)du A2(t) = A(t) - Al(t)

Then &l(t) is continuously differentiable, ]Al(t)} =M, and }Al'(t)l <t for

all t € J . On the other hand, A2(t) is continuocus and |A2(t)| =§ for all
t €J .

By Lemma 2 there exists a positive constant 53 = 63(M , £) such that, if
§ = 63 , then Al(t) has k eigenvalues with real part £ - a + €/4 and n - k
eigenvalues with real part = o - €/4 for all t € J . Hence, by what we have
already proved, if § = Sq(M » @ , €) the equation

x! = Al(t)x

has a fundamental matrix Xl(t) satisfying
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}Xl(t)ﬁxl'l(s)] Kce—(a—e/Q)(t-s)

iA

for t=zs ,

[x, (o) - ByxL(s)| = ke @8/t e o
where K' = K'(M , o, £) . Using again the roughness of exponential dichotomies we
see that if § = 60(M , O , €) then the original equation (1) has a fundamental
matrix X(t) satisfying the inequalities (2).

Proposition 1 admits a converse. In proving it we will use the following lemma,

which depends on a result that will be established (independently) later.

LEMMA 4. Let P be an orthogonal projection of rank k . If T 1is an tnvertible
matrixz such that
-% - -%
Izl < 27, i - et < 27T,

then T has k eigenvalues of absolute value less than 1 and the remaining n - k

etgenvalues of absolute value greater than 1 .
Proof. For any non-zero vector § ,

EXTHPTE < HE4T

i

E#(I - PYE < HERTHTE .
Put H = 2P - I ., Then

E*T*HT&

i

2EHXTHPTE ~ ENRTHTE
< ERE - 28%(1 - PYE
EXHE .

i

Thus T#*HT < H . Therefore, since H has k eigenvalues 1 and n - k eigenvalues

-1 , we can complete the proof by appealing to

LEMMA 5. Let the matrix T be such that, for some Hermitian matriz H ,
T*HT < H .

Then T has no eigenwalues on the unit cirele, H 1is non-singular, and the wnwmber of
positive (negative) eigenvalues of H <is equal to the number of eigenvalues of T

with absolute value less than (greater than) 1 .
Proof. Let A be a complex number of absclute value 1 which is not an eigenvalue
of T . By replacing T by A—lT we may suppose that 1 1is not an eigenvalue of

T . Then

A= (T +I)T -1
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ig defined and HA + A%H < 0 . Since the linear fractional transformation

z > (z + 1)(z ~ l)‘l maps the interior (exterior) of the unit circle onto the left

(right) half-plane, the result now follows from Proposition 7.4.

The converse to Proposition 1 states:

PROPOSITION 2. Zet A{t) be a continuous n %X n matrix function defined on an
interval J and suppose the equation (1) has a fundamental matrix X{(t) satisfying

the inequalities

Ix(6)Bx L(s)] = ke ™{T"3)

1A

K for t

v
0

Jx{e)(1 - ?)X“l(s)l < 1 8050 for s =

where X , L , o , B are positive constants and

For any positive constant € < min(a, B) there exist positive constants
h=h(K, L, e) and &§ = 8{(K, L, €) such that, if

=h,

IA(t2> A(tl)[ <8 for §t2 -t

N

then the matrix A(t) has %k eigenvalues with real part < - a + € and n - k

v

etgenvalues with real part 2 B - € for every t whose distance from both endpoints
of J 1s at least h .

Proof. We may assume that the norm is Euclidean and that K = L = 1 ., Also, by the

change of variables X = e(a_8>t/2x we can replace both @ and B by Y = (a + B)/2

and A(t) by A(t) = A(t) + ¥(a - B)I .
Suppose § < S/36K5 and the interval J = [u - h, u + h] is contained in J .
Then we can apply Proposition 5.1 to the autonomous equation
v o= Ay

= Aty + [A(w) - ATy

on the interval 3 ., Hence there exists an invertible matrix C such that, in
particular,
~ -1 hA(w) 3 -(y-6K°6)n
jcBe e | = 127 ,
5. =1 ~hA(u) 3 -(y-6K36)n
e - B)e e | = 12K ,

and
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|cBe™ - x(wPx L) = 1uuy %
The last inequality implies
lcBe™d| = sk .
By Lemma 5.1 we can write

eBet = gBs7t

where |S]IS_1| < 10K . Therefore, putting T = exp(hS_lR(u)S) , we have

1P| = 120" (Y-€/6)h
|1 - B)T7Y = 120t (Y-E/60D
. 4 -% 5eh/6 .
If h >0 1is so large that 120K < 2 “e then it follows from Lemma U4 that

A(u) has X eigenvalues with real part less than - o+ € and n - k eigenvalues

with real part greater than B - € .

It is evident that if the matrix A(t) is continuous on a compact interval J
then the equation (1) has an exponential dichotomy on J corresponding to an
arbitrary projection P . Thus the concept of exponential dichotomy on a compact
interval might appear to be without interest. Nevertheless, Proposition 2 shows that
if the interval is sufficiently long relative to the constants of the exponential
dichotomy and the coefficient matrix is slowly varying then k , and hence P , 1is

uniquely determined.

Finally we give another simple sufficient condition for an exponential dichotomy.

PROPOSITION 3. et A(t) = (aij(t)) be a bounded, continuous n X n matrix function

on the half-line R, and suppose there exists a constant 8 > 0 such that

T
[Ra; . (£)] 2 6 +'Z:|aij(t)| (7)
j=1
j#i
forall te€R_and i=1, ..., n . If Ra,.(t) <0 for exactly k subscripts i
+ 11

then the equation (1) has a fundamental matriz X(t) satisfying the inequalities

[X(t)ﬁX_l(s)| < e~ 8(t-3) for t=zs,

Ke—é(s—t)

Ix(6)(1 - B)x H(s)| = for s

v
ot

where K 1is a positive constant and
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3 Ik 0
P =
0 0
Proof. We use the norm
€] = sl

for an arbitrary vector £ = (Ei) . The induced norm of an n X n matrix A = (aij)

is then

4] = sup 3 |

-]
ig=1 M

The hypothesis (7) implies that the continuous function Raii(t) has constant

sign. By applying the same permutation to rows and columns we may assume without

loss of generality that Raii(t) <0 for i=k and Raii(t) >0 for 1>k.

For any nontrivial solution =x(t) of (1) we have

% d/dt[x.[2 = Rx,x.
i i%i
= Ra..!x.|2 + R ? a..xX,x,
iit%i 71 13717
and hence
2 2
-l T gl )= 5 asacl |2 - Rl |
j#i
< x| T e lx.]
Py )
If [x(s)] = ]xi(s)| for some s € R, it followa that

-2 2
_jzélaij(s)l = %Ixi(s)[ d/dt]xi| (s) - Raii(s)

=Y la.. ()] .
i1

Therefore, by (7), d/dtlxi|2(s) is negative if i <k and positive if i > k .

It follows that [x(t)| does not have a local maximum in the interior of R, -

For suppose a local maximum occurred at t = s , say, with [x(s)| = ]xi(s)[ . Then

2
]Xi(t)l would also have a local maximum at t = s and hence d/dtlinQ(s) =0,
contrary to what has just been proved.

We show next that if |x(s)] = |xi(s)| for some i > k and some s € R, then
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|%(t)| is strictly increasing for t = s . In fact lxi(s)l < !xi(s+h)| for all

sufficiently small h > 0 , and hence |x(s)] < |x(s+h)] . If we had

Ix(tl)l z lx(tz)} , where s <t <t

1 5 s then |x(t)| would assume its maximum value

on the interval [s, t2] at an interior point, and we have seen that this is

impossible.
If |x(s)] = |xi(s)l for no i >k then |x(s+h)| < |x(s)| for all sufficient-
ly small h > 0 . For let ] denote the set of all i such that [x(s)] ='|Xi(s)| .

Then for small h > 0

sxi(s+h)l < {Xi(s}l for all i €1

and

[x(s+n)] = {xi(s+h)l for some i = i(h) € I .

The set of all s such that [x(s)] = [xi(s)l for no i >k is open in R_ . Hence

by the result of the previous paragraph, there exists a point ¢ such that ]x(t)I

is strictly decreasing for t = ¢ and strictly increasing for t 2 c .

We now show that there exists a k-dimensional subspace of solutions x{t) such

that |x(t)| is strictly decreasing on R, - Choose s €R,_ so that s > as
m > o ., Let Vl be the k-dimensional subspace of all vectors § = (ii) such that
Ei = 0 for every i >k , and let X(t) be the fundamental matrix of the equation

(1) such that X(0) = I . Then u, = X.l(sm)vl is a k-dimensional subspace of the
underlying vector space I . Let Ei, vees QE be an orthonormal basis for Um . By
the compactness of the unit sphere in V , there exists a sequence of integers

m, * ® and vectors 51, ...,Ek such that

grjn\)‘*gj as V->oe (3=1, ..., k).

Evidently &l, ey Ek are mutually orthogonal unit vectors. Hence the solutions
xl(t), Cees xk(t) such that xj(O) = Ej(j =1, ..., k) are linearly independent.

Consider any nontrivial linear combination

x(t) = alxl(t) Foaat akxk(t) .

If xm(t) is the solution of (1) such that

xm(o) = Q
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then va(t) + x(t) as v +w for every t € R, . We have xm(sm) € vy o since

xm(o) € Um . Therefore {xm(t)l is strictly decreasing for t = s, » by the

definition of Vl. Thus if t,, t, €Rand t, <t

1 2 then, for all large v ,

2
lxmv(tl>l > ]va(tQ)] and hence |x(tl)| z |X(t2)l . Thus |x(t)| is non-
increasing on R* . It is actually decreasing on R+ , since if !x(t)f were
constant over a subinterval it would have a local maximum in the interior of R+ .
There exists also an (n - k)-dimensional subspace of solutions =x(t) such that
|x(t)] is strictly increasing on R, - In fact, if V2 is the subspace of all
vectors & = (Ei) such that Ei = 0 for every i =<k , the nontrivial solutions

x{(t) with x(0) ¢ V, have this property.

If =(t) is a solution such that |[x(t)| increases on R, then, for every
s €R_, |x(s)] = lxi(s){ for some 1 > k . Since d/dt‘xi{Q(s) Ed 26|xi(s)]2 s by

(7), it follows that

lim 2 11 2 2
B_—T-FO’:IX(SJrh)I - Ix(s)ﬂ/h >§i_r20|ilxi(s+h)| - Ixi(s)|]/h

i2

|

v

28] x(s)

Integrating this differential inequality for the continuous function }x(t){2 , We

get

8(t-s)

()] = |x(s)]e for t=s .

A similar argument shows that if =x(t) is a solution such that [x(t)] decreases on

R+ then

-8(t-s) for t 2 g .

Jx(0)] = [x(s)e
Since the equation (1) has bounded growth, the result now follows immediately.

Proposition 3 remains valid, with only minor changes in the proof, if the half-

line R+ is replaced by the whole line R .



7. DICHOTOMIES AND LYAPUNQV FUNCTIONS

Lyapunov functions are a standard tool in stability theory. In this lecture we
will consider their relationship with dichotomies. Since we will be concerned only
with linear differential equations it is natural to restrict attention to quadratic

Lyapunov functions.

Let A(t) be a continuous matrix function for t = 0 . The Hermitian form
x*H(t)x , where H(t) is a bounded and continuously differentiable Hermitian matrix

function, will be a Lyapunov function for the linear differential equation
x' = A(t)x (1
if its time-derivative along solutions of (1) is negative definite, i.e., if there
exists a constant n > 0 such that
)ECOTH' (£) + H(EAE) + A%(E)H(E) Tx() < -nfx(t)]?
for all solutions x(t) of (1). Here, and in what follows, we use the Euclidean

norm. By replacing H(t) by n‘lH(t) we can assume n = 1 . Then, since the

solution =x=(t) is arbitrary, the preceding condition is equivalent to
H'(t) + H(t)A(t) + AR(t)H(t) = -1 for t =0 . (2)

We are going to show that this is almost equivalent to an exponential dichotomy.

PROPOSITION 1. If the equation (1) has an exponential dichotomy on R+ , then there

exists a bounded, continuously differentiable Hermitian matriz function H(t) which
satisfies (2).

Proof. Let X(t) be the fundamental matrix for (1) such that X{0) = I . By

hypothesis there exists a projection P and positive constants K , & such that

Ix(orex sy | = ke ®(S)

1A

K for t2s20,

e—a(s—t)

1A

[X(e)(T - P)x'l(s)l K for s2t=0.
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For convenience of writing put

#

X (t, s) x()Px sy

X, (t, 8) = X()(I - BYX (s)
and let H(t) be the matrix function defined by

BH(t) = f:Xl*(s, 0% (s, t)ds - X,#(0, )X, (0, ©)

ty
- IOXQ {s, t)Xz(s, t)ds .
Then H(t) is Hermitian and
luce)] < KQI:G‘QG(S-t)dS N KQQ-Q&t N KQIEQ-Qa(t-s)dS

<K@ +ah .

Moreover H(t) is continuously differentiable and

H' (1) = -H(AL) - A%(H(L) - 2%, *(t, )X, (¢, t)

- 2x2*(t, t)XQ(t, t) .

But Xl(t, t) = X(t)PXul(t) is a projection and Xz(t, t) = I - Xl(t, t) . Thus it
only remains to show that if Q is a projection then
R=Q%Q + (I - Q"I -Q)z %I .
Any vector £ can be uniquely represented in the form £ = 51 + g2 , where El

is in the range and 52 in the nullspace of Q . Then
& = kS E = %
EI¥RE. = B %, B %RE = E%E,
g;g-.:REl = 0 .
Hence
ESRE = € %E, + £ %, 2 AEUE .
This completes the proof.

It may be noted that if A(t) is bounded then H'(t) is also bounded.

Proposition 1 admits the following converse:
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PROPOSITION 2. Suppose (1) has bounded growth. If there exists a bounded,
continuously differentiable Hermitian matrixz function H(t) which satisfies (2), then
the equation (1) has an exponential dichotomy on R, .
Proof. By hypothesis there exists a constant p > 0 such that
|[H(t)| <p for tz o0
and a constant C = 1 such that every solution x(t) of (1) satisfies
Ix(t)] s clx{s)] for 0<s=t=<s+ep.

(The interval length ep is chosen to give a good exponent in the exponential

dichotomy). Assume [x(0)] = 1 and put
V(t) = x®*(H()x(L) .
Then

vi(t)

xF(E)[H' () + H(OA(E) + AR(L)H(t) Ix(t)

tA

—Ix(t)|2
<0 .
Thus V(t) is a strictly decreasing function.
Suppose first that V(t) 2 0 for all t 2= 0 . Then

[l ]?au <o,

since for any t = 0

th

-p = -p[x(o)l2 -V(0)

1A

vit) - v(0)

A

~f§]x(u)|2du .

It follows that

Limfx()| =0 .
00
Let t  be the least value such that |x(t )| = e™2 | Then 0= t <t <.

and, by the same argument as above,

t
—pfx(tm)[Q < -ft:+l|x(u)’2du

2
< -(t g - tm)|x(tm+l)1 .
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Since |x(tm)|2 s e|x(t )|2 it follows that te1 ” < ep . Suppose

m+1l +1

0<s=t<w, If tm55<tm and tn§t<t (0 = m =< n), then

+1 i+l

Ce—(n-fl—m)/Q[X(t )I

[x(t)| = Clx(tn)] = e il

eCe_(n+l_m)/2[x(s)f

= eCe—a(t_S)]X(s)l s

where a = (er)“l .

Suppose next that V(t%*) < 0 for some t%* = 0 . Then for t = t¥%

—olx(0)]? = v(t) = v(t®)

and hence

VI(t) s o tu(er) < o
Therefore V(t) + -» as t + <« , which implies |x(t)| » = .

Let V be the underlying vector space, let Vl be the subspace consisting of

the initial values of all bounded solutions of (1), and let V2 be any fixed subspace

supplementary to Vl . For any unit vector £ € U2 , let x{(t) = x(t, &) be the

solution which takes the value £ at t = 0 . We will show that
v{t) = V(t, &) » - wniformly in & as t =« . In fact, otherwise there exists a

sequence of unit vectors Ev € V2 and a sequence Ty such that
V(tv, EV) >y for all v

By the compactness of the unit sphere in V2 we may suppose that Ev -+ £ . Since

v(t, £€) » - as t -+ o we have V(t', £) < u for some t' . Then V(t', Ev) <u
for v 2 v' , and hence V(t, Ev) <u for t=1t' and vz v' , which is a
contradiction. Thus there exists a positive number T such that V(T, £) < -p for

every unit vector & € V2 . Then {x(t, £)] > 1 for every unit vector & € V2 and
all t > T . Moreover, we can choose N > 1 so that IX(T, 6)1 =< N}x(t, E)] for

every unit vector £ € V2 and 0= t=T.

Consider again a particular solution x(t) = x(t, £) . Since [x(t)‘ > ®

there exists a greatest value tn such that |x(tm)| = em/2 . Then

0=t <t, <... = . = . = <
0 1 and to =T Suppose t = T If tm t tm+l then



63

_DIX(tm-l)12 - V(tm-kl)
= Vit ) - VD)
= —Iim+l|x(u)|2du
s (e - t)|x(tm)[2 .
Since lx(tm+l)|2 = e[x(tm)|2 it follows that t ., -t Sep if t =T and
tm+l -T=ep if tm < T . 1In either case
()] = CN[x(tm)I .
Suppose T =<t =s <w , If t,St< thel and t, =8 < tn+l(0 <m=n) , then
[x(t)] = CN|x(tm)| = e%CNe_(n+l_m)/2|x(tn)‘
= e%CNe—(n+l°m)/2]x(s)|
< e%CNe—O‘(S_t)|x(s)| ,

where a = (2ep)~l as before. Since (1) has bounded growth, it follows that it has
an exponential dichotomy on the subinterval [T, <) , and hence also on the half-line

R, .
+

We show next, by an example, that the hypothesis of bounded growth cannot be

omitted in Proposition 2. Let ¢(t) be a real-valued continuously differentiable

function such that ¢(t) =z 1 for all t >0 , f:{¢2(t) - 1}dt <= |, o(t) = o(et)

for t > , and ¢(n)/d(n - 2%y >® ., Such a function can easily be constructed

explicitly. The differential equation

2! = [9'(t)/d(t) - 1Ix

has the solutions x(t) = x(O)e_t¢(t) and hence is asymptotically stable, but not
uniformly stable. On the other hand, if we set

h(t) = {?/6%(0)}[7e 7% (s)as

then h(t) is continuously differentiable and
h'(t) + 2{¢" (£)/9(t) - 1}h(t) = -1 .

Moreover h(t) is bounded, since
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0 = h(t)

"

{e2§/@2(t)}f:e‘25ds

v 12?027 2002 (e) - 1as

A

2
% + f:{¢ (s) - 1}ds
The preceding results can be made more precise Iin the special case of autonomous
equations. Thus we now consider the equation
ro_
X' = Ax ,

where A 1is a constant matrix. We show first that the matrix H(t) of Propositionl
can also be chosen constant. The argument differs only slightly from the previous

one.

PROPOSITION 3. If the matrixz A has no pure imaginary eigenvalues, then there exists
a Hermitian matrix H such that

HA + A®H = -1 ,
Proof. Let P, and P_ be the spectral projections of A for the right and left

half-planes respectively. Then

_ StA% Lo —tA
Y = -f:e P¥P e dt

is defined and

YA + A®Y = ydt

Similarly

is defined and

ZA + A®Z = -P #P_ |

The matrix H = 2Y + 2Z is Hermitian and

HA + A®H = _2P %P - 2p #p < _J
+ o+ -

Proposition 2 can be sharpened for autonomous equations by relaxing the require-
ment that the time derivative of the Lyapunov function be negative definite. For any

matrix C , the ordered pair (A, C) is said to be controllable if

C*Akc =0 forall kX220
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implies that the vector ¢ = 0 . By the Cayley-Hamilton theorem we need only consider
k such that 0 =k <n .

PROPOSITION 4. Suppose there exists a Hermitian matrixz H such that
HA + A%H = -C , (3

where C = C* 20 . Then A has no pure imaginary eigenvalues and H <s non-
singular if and only if (A%, C) <s controllable. In this case the number of
positive (negative) eigenvalues of H <ig equal to the number of eigenvalues of A
with negative (positive) real part.

Proof. Suppose first that A has a pure imaginary eigenvalue iw , with

corresponding eigenvector T . Then, by (3),
~T*CT = iwZ*HL - iwC*HT = 0 .

Since C = 0 , this implies that CZ = 0 . Therefore

CAkC = (iw)kCC =0 for all k=0 .
Thus (A%, C) is not controllable.
Suppose next that A has no pure imaginary eigenvalues. Let Y be the simple
closed curve in the left half-plane consisting of a segment of the imaginary axis and

the left half of the circle |z] = v , where v > |A] . Then the spectral projections
P+ and P_ of A, for the right and left half-planes, are given by

1 -1

P = §szy(zI - A) Tdz ,
1 -1

P = Eﬁzfy(zx + A) “dz .

Here the expression for P+ has been obtained by the change of variable 2z > -z

from the more usual expression by a contour integral over the curve symmetric to Y .

If we set
G =H - P_*H - HP_

then

=2 ay L — - -1

g = 2wijy{(z1 + A%)TH - H(zI - A) “ldz

! a1 1

= gwify(ZI +A%)71C(zI - A)Y Tdz .
On the circle |z| = r the integrand is O(r_2) . Thus, letting 1 -+ ® we obtain

1 N oyl
¢ = -E%ffw(A - iwI) TC(A - iwl) Tdw .
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Consequently G =0 . Moreover GE = 0 1if and only if C(A - iwI)_lE = 0 for all

real ® , and hence if and only if CAkE =0 for all k=0 . Therefore G < 0 if
and only if (A%, C) 1is controllable.

For any vector & € V+ = P+U we have P £ = 0 and hence
E%GE = ESHE .
On the other hand, for any vector £ ¢ V_ = P_V we have P_E = £ and hence
EHCE = ~ERHE

In general, if §& = £+ + £ , where E+ € V+ and & € V_, then
EHGE = £ FHE_ - £_HE_

Therefore H 1s non-positive on U+ and non-negative on V_, and G§ = 0 if and

only if HE+ = HE =0 . Thus if G is singular, then H is also singular.

If G 1is non-singular, then H 1is negative definite on V+ and positive
definite on V_ . It follows from the minimax principle that the number of positive
(negative) eigenvalues of H is at least equal to dim V_ (dim V+) . Since the total
number of eigenvalues is dim V_ + dim V+ , We must actually have equality and H

must be non-singular. This completes the proof.



8. EQUATIONS ON R AND ALMOST PERIODIC EQUATIONS

In Lecture 3 we considered, for the half-line R+ , the existence of bounded
solutions of the inhomogeneous equation
y' = A(Y)y + £(t) (1)

for, say, every bounded continuous function £ . Corresponding results for the half-

line R_ may be obtained by the change of variable t » -t . We will now show that

the same question for the whole line R can be answered in terms of the results for

the two half-lines.

PROPOSITION 1. The inhomogeneous linear differential equation (1) has at least ome
solution bounded on R for every function f € B(R) , where B denotes any one of
the Banach spaces C , M, L , if and only if the following three conditions are

satisfied:
(7) the equation (1) has at least ome solution bounded on R, for every

function £ € B(R+) s

(ii) the equation (1) has at least one solution bounded on R for every

function £ € B(R_) R

(iii) every solution of the corresponding homogeneous equation
x' = A(t)x (2)
18 the sum of a solution which is bounded on R+ and a solution which is bounded on

R
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Proof. Suppose first that the three conditions are all satisfied. By (i) and (ii),
for any function £ € B(R) the eguation (1) has solutions y+(t) > v_(t) which are

bounded on R_, R respectively. By (iii) there exist solutions x+(t) , x {t) of

the homogeneous equation (2) which are bounded on R+ , R respectively and such that

I

x+(0) - x (0) = y+(0) y_(0)

Then

it

y(£) =y (1) - x (1), y(t) = y (1) - x_(1)

are solutions of (1) which are bounded on R, , R respectively and v{(0) = y(0) .
Hence y(t) = y(t) is a solution of (1) which is bounded on R .

Conversely, suppose (1) has a solution bounded on R for every function

£ ¢ B(R) . Then (i) and (ii) are clearly satisfied, since every function in B(R+) s

or B(R ) , is the restriction to R, ,or R ,ofa function in B(R)

Take £{t) = ¢{t)x(t) , where =x{t) is any fixed solution of (2) and

1 - |t} for [t| =1,
$(t) =

Then f € B(R) and
y{t) = f§¢(u)du x(t)
is a solution of the corresponding equation (1). Since
[gowau = [0 p(wau = %,
we have
y(t) = &x(t) for t= 1, y(t) = ~5x(t) for t =-1.

By hypothesis the equation (1) has a solution ¥(t) which is bounded on R . Then

z (1) = 3(t) - y(v) + &x(v) ,
z {t) = y(r) - y(t) - &mlt) ,

are solutions of the homogeneous equation (2) which are bounded on R+ , R

i

respectively. Moreover, since y(0) = 0 ,
z,(0) = y(0y + %x(0) ,

z (0) = §(0) - %x(0) .
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Hence x{0)} = z*(O) -z (0} and =x(t) = z+(t) - z (t) . This completes the proof.

By combining Proposition 1 with Propositions 3.1-3.3 we can obtain more explicit

conditions. We will consider only one important special case.

PROPOSITION 2. Suppose (2) has bounded growth. Then the inhomogengous equation (1)
has a unique solution bounded on R for every continuous function £ which is
bounded on R if and only 1if the homogeneous equation (2) has an exponential
dichotomy on R .

Proof. Let X(t) be the fundamental matrix for (2) such that ¥(0) = I and suppose

there exist a projection P and positive comstants K , & such that

-a(t-s)

v
%]

lx(t)Px"l(s)l < Ke for t

(3)

~o(s~t)

[X(6)(T - P)X H(s)| = ke for st .

Then for any bounded continuous function £ the corresponding inhomogeneous equation
(1) has the bounded solution
t -1 -1
y(£) = [LX(OPX N (s)F(s)ds - [TX(E)(I - PIX "(s)ds . (W)
Moreover, this bounded solution is unique, since the homogeneous equation {(2) has no
nontrivial bounded solution, Here we have not used the hypothesis of bounded growth.

To prove the necessity of the condition we use Proposition 1. Since (2) has

bounded growth, (i) and (ii) imply the existence of exponential dichotomies on R,
and R_ , by Proposition 3.3. (Proposition 3.3 remains valid if the hypothesis of
bounded growth is replaced by a hypothesis of bounded decay). Let P+ » P_ Dbe

corresponding projections. Then P+V and (I - P )V span V , by (iii), and have

only the zero vector in common, because (2) has no nontrivial bounded solution. Hence

there exists a projection P with range P+V and nullspace (I - P_)V , and (2) has
an exponential dichotomy on R with projection P .

A matrix function A(t) is said to be almost periodic if every sequence {hv}
of real numbers contains a subsequence {kv} such that the translates A(t + kv)

converge uniformly on R as Vv + o . This implies that A(t) is bounded and

uniformly continuous on R .

When the coefficient matrix A(t) of (2) is almost periodic the preceding

results can be strengthened. We fipst prove
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LEMMA 1. et A(t) be a continuous matriz function on R and suppose the equation

(2) has an exponential dichotomy {3) on R+ . If, for some sequence hv > o,

At + hv) + B{t) uniformly on compact subintervals of R then X(hv)PX‘l(hv) *>Q

and the equation
y' = B(t)y (5)

has an exponential dichotomy on R with projection ( and the same constants K, O .

Proof. The translated equation

(-
x' = A(t + hv)x

has the fundamental matrix Xv(t) = X(t + hv)X"l(hv) and

-1 -a{t-s)
[x, (R X T ()] = Ke

7]
v

for t = 2 ~h.,

vV

1%, (6)(T - Pv)x“l(s)l —o(s-t)

tA

Ke

iv
ot
v

for s —hv B

where PV = X(hv)PX_L(hv) . Since IPV[ < K , by restricting attention to a
subsequence we can assume that Ev + Q , where Q is a projection. Since

Xv(t) + Y(t) for every t , where Y(t) is the fundamental matrix of (5) such that
Y(0) = I , it follows that

[Y(e)or ts)| = ke *E79)

A

K for - < g =t <,

~a(s-t)
e

A

K for - <t =g <®,

Iv(e)(T - 1 sy

Since the projection corresponding to an exponential dichotomy on [R is uniquely

determined it follows that Pv -+ Q without restriction to a subsequence.

PROPOSITION 3. Suppose A(t) <s an almost periodic matriz function. Then the
following statements are equivalent:

() the homogeneous equation (2) has an exponential dichotomy on R_ ,

(i) the homogeneous equation (2) has an exponential dichotomy on R ,

(iii) the inhomogeneous equation (1) has a solution bounded on R for every
almost periodic function £(t) ,

(iv) the inhomogeneous equation (1) has a solution bounded on R, for every

almost periodic functiom F(t) .
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Proof. (i) implies (ii): This follows at once from Lemma 1, since there exists a

sequence h, >« such that Alt + hv) + A(t) uniformly on R .

(ii) implies (iii): This was established in the first part of the proof of
Proposition 2.

(iii) implies (iv): This is trivial.

(iv) implies (i): Since A(t) is bounded it is sufficient, by Proposition 3.3,
to show that (1) has a solution bounded on R, for every bounded continuous function

f(t) if it has & solution bounded on R, for every almost periodie function f£(t) .

The set A of all functions #£(t) which are restrictions to the half-line R,
of almost periodic functions on R is a closed subspace of the Banach space C(R+)

In fact, for any almost pericdic function £(t) ,

sup |F(t)] = 1im |F(t)]
—co< <o 10

hence any fundamental sequence of almost periodic functions on R+ is also a
fundamental sequence on R , and its limit in C(R) is an almost periodic function.
The proof of Proposition 3.4 shows that there exists a constant v = T, >0
such that, for any function £ € A , the equation (1) has a solution y{t) which is

bounded on R+ and satisfies
Iyl = =lel .

where [y| = suply(t)] .
tz0

Let g(t) be any function in C(R+) and let T be any positive number. Tor

any @ such that 0 < w < 21/T we can find a continuous function f(t) with pericd
27/w > T which coincides with g(t) on [0, T] and satisfies Iel = lell . Then the
equation (1) has a bounded solution y(t) with ”y” < r"g” .

Now give T a sequence of values Tv +® . We obtain corresponding sequences of
continuous pericdic functions fv(t) and bounded solutions yv(t) with
Hyvﬂ < rlg]l . Thus the sequence {YV(O)} is bounded. By restricting attention to a
subsequence we can assume that yv(o) + 71 . Since fv(t) + g{t) uniformly on compact
intervals, it follows that yv(t) + y(t) for every t , where y(t) Is the solution

of the equation

y' o= A(t)y + g(t)
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such that y(0) = n . Evidently y(t) is bounded and [y| =< rfgl . This completes
the proof.

The argument in the last part of the proof establishes rather more than has been
asserted. Let S be any module, i.e., an additive subgroup of R , which is dense in
R . Then the set A(S) of all almost periodic functions f(t) with Fourier series

ikt
Z ¢ e , where Ak € S for all k , is a closed subspace of A . The proof shows

that in (iv) it is sufficient to assume the existence of a solution bounded on R+

for every f € A(S) . However, the hypothesis that § is dense in R cannot be

omitted. For example, the scalar equation
y' = kiy + £(1)

has a solution of period 27 , and hence a bounded solution, for every continuous

function f£(t) of period 27w .

It should be noted also that in (iii) the solution bounded on R is unique, by
(ii). Furthermore it is almost periodic and its frequency module is contained in the
joint frequency module of A(t) and £(t) . This may be established by a similar

argument to that used to prove our next result.

PROPOSITION 4. Suppose A(t) <s an almost periodic matriz function and the equation
(2) has an exponential dichotomy (3), with fundamental matriz X(t) and projection

P . Then X(t)PX_l(t) is almost periodic and its frequency module is contained in

the frequency module of A(t)
Proof. Let {hv} be any sequence of real numbers such that A(t + hv) converges
uniformly on R , with limit B(%) say. If we put U(t) = X(t)PX_l(t) then, by
the normality properties of almost periodic functions, it is sufficient to show that
Ut + hv) converges uniformly on R .

By Lemma 1 and its proof, as Vv » »

1

U(t + hv) = Xv(t)U(hv)Xv (t)

> Y)Y T(t) = v(t) , say,

where Q is a projection and Y(t) is the fundamental matrix of the equation (5)
such that Y(0) = I . Moreover the convergence is uniform on compact intervals. If

it were not uniform on R there would exist a sequence {tv} of real numbers and a

subsequence {kv} of {hv} such that, for all v ,

IU(tV + k) - V(tv)] >y >0 .
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By restricting attention to a further subsequence we may suppose that A(t + tv + kv’
converges uniformly on R , with limit C(t) say. Then also B(t + tv) - C(t)
uniformly on R . By what we have already proved, U(t + t, t kv) converges,
uniformly on compact intervals, to Z(t)ﬁZ_l(t) , where Z(t) is the fundamental
matrix of the equation

z' = C(t)z *
such that Z(0) = I and P is a uniquely determined projection. Similarly,

vit + tv) converges to Z(t)?Z_l(t) . Therefore
Juce, + k) - V(e )] >0,

which is a contradiction.



9. DICHOTOMIES AND THE HULL OF AN EQUATION

Let A(t) be an n X n matrix function which is bounded and uniformly

continuous on the whole line R . Then, by Ascoli's theorem, any sequence {hv} of
real numbers contains a subsequence {kv} such that the translates A(t + k)

converge locally uniformly, i.e. uniformly on every compact interval. The limit
function A(t) is again bounded and uniformly continuous. The set A of all such

limits A(t) is called the hull of A(t)

The set A is translation invariant, i.e., if A(t) € A then also
A(t + h) € A for any real number h . Moreover A(t + h) - A(t) locally uniformly
(and even uniformly on R) as h -0 . The set A is also compact, i.e., any
sequence of elements of A contains a subsequence which converges locally uniformly

to an element of A . If Av(t) + A(t) locally uniformly, Ev >&,and s s
then xv(sv) -+ x(s) , where xv(t) is the solution of the differential equation

x' = Av(t)x

such that XV(O) = £v and x(t) is the solution of the differential equation

x' = A(t)ix

such that x=(0) = § . It is just these properties of the hull that we will actually

use.
We propose to study the family of differential equations
x' = A(t)x , A €A, (1)

We first prove
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LEMMA 1. The equations (1) have uniformly bounded growth and decay; that is, there
exists a constant C > 0 such that every solution x(t) of an equation (1)
satisfies

[x(t)] = clx(s)] for |t -s| =1.
Proof. Otherwise, since A is translation invariant, there exists a sequence of
solutions xv(t) of eguations

x' = Av(t)x s Av €A (l)v

with Txv(O){ = 1 , and a sequence of real numbers {SV} with -1 = 8 =1, such
that ]xv(sv)l + ® ., By restricting attention to a subsequence we may suppose that
Av(t) + A{t) locally uniformly, x,(0) > & where jg] = 1, and s, > s where

-1 s <1 . Then xv(sv) -+ g(s) , where =x(t) 1is the solution of the equation (1)
such that =x{(0) = £ . Thus we have a contradictiocn.

Until further notice we now make the following fundamental assumption:

(H) WMo equation (1) has a nontrivial solution bounded on R .

With its aid we first prove

LEMMA 2. If (H) holds, and if 0 < & < 1, there exists a constant T > 0 such
that every solution =x(t) of an equation (1) satisfies

|z(t)Y] =8 su [x(u)] for -= <t <o,
Ju-t]=T

Proof. Otherwise, since A is translation invariant, there is no T > 0 such that

87" = sup |x(uw)|
IUIST

for every solution x{t) of an equation (1) with |x(0)| = 1 . Thus there exists a
sequence t, > , and a sequence of solutions xv(t) of equations (l)v with
lxv(O)l = 1 , such that

sup ’xv(t)l <ol
ltlEtV

By restricting attention to a subsequence we may suppose that xv(O) + & , where
lg} =1, ana Av(t) + A(t) locally uniformly, where A € A . Then xv(t) > x(t)
for every real t , where x{t) is the solution of (1) such that x(0) = § . TFor

-1

each fixed t we have }xv(t)z <8 for all sufficiently large Vv , and hence

|x(t)] = o7t . Therefore, by the hypothesis (H) , x(t) 20 . Thus § = 0, which is
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a contradiction.

It follows from Lemma 2, by Proposition 2.1 and its proof, that there exist
positive constants K , o such that for every solution x%(t) of an equation (1)

which is bounded on R+ 5

—d(t—s)lx(s)]

|%(t)] = Ke for - <5 =1 <

Moreover each eguation (1) has an exponential dichotomy on L Similarly, for every

solution =x{t) of an equation {1) which is bounded on R ,

-al(s-t) I

[x(0)] = ke x(s)] for —w<tss<w,

and each equation (1) has an exponential dichotomy on R_

If, for a given equation (1), each solution is the sum of a solution bounded on

R+ and a solution bounded on R_ then, by the hypothesis (H) , this equation has an

exponential dichotomy on R and the constants of the exponential dichotomy are
independent of the particular equation, since K and o are independent and the
equations have uniformly bounded growth and decay. It follows that the norm of the
projection, corresponding to the fundamental matrix which takes the value I at

t = 0 , is alsoc bounded independently of the particular equation. If the equations

{l)U have exponential dichotomies on R with projections PV and if Av(t) + A{t)
locally uniformly, then Pv + P , where P is again a projection, and the equation

(1) has an exponential dichotomy on R with projection P . In fact the bounded

segquence {Pv} has a convergent subsequence. If P is its limit then the limit

equation (1) has an exponential dichotomy on R with projection P , since the
approximating equations have exponential dichotomies on R with constants independent

of v. Thus P is uniquely determined, and so the whole sequence {Pv} converges
to P .

Consider now an arbitrary equation (1) and suppose A(t + hv) > Aw(t) locally
uniformly for some sequence hv > o . If P+ is a projection corresponding to the
exponential dichotomy of the equation (1) on the half-line R+ then, by Lemma 8.1,
the equation

3

x' o= A (t)x
has an exponential dichotomy on R with projection of the same rank as P+ .

Similarly, suppose A(t + kv) - Aa(t) locally uniformly for some sequence kg > -2 .

If P is a projection corresponding to the exponential dichotomy of the equation (1)
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on the half-line R_ then the equation

1

X = Au(t)x
has an exponential dichotomy on R with projection of the same rank as P_

The preceding results establish, in particular,

PROPOSITION 1. Suppose that no equation (1) in the hull A of the equation

x' = A(t)x (2)
has a nontrivial solution bounded on R .

Then each equation (1) in the o- or w- Limit set of (2) has an exponential
dichotomy on R . Moreover there exist positive constants K , o such that, if
X(t, &) is the fundamental matriz of (1) for which X(0, A) I,

i

1A

ke *t-8) for -w < g =t <

|x(t, AP (s, A)]

[%(t, A - paNX s, )] = ke @) fop cm<ctsscw

{A

»

where P(A) is a wniquely determined projection depending contimuously on A (with

the topology of uniform convergence on compact intervals).

We also have

PROPOSITION 2. The following statements are equivalent:

(i) no equation (1) in the hull A of (2) has a nontrivial solution bounded on
R,

(ii) the equation (2) has an exponential dichotomy on each of the half-lines

R R with corresponding progjections LN such that

+ b

Proof. (i) implies (ii): Only the conditions on the projections remain to be proved.

These say that the nullspace of P_ is contained in the nullspace of P+ and the
range of P+ is contained in the range of P_ . But, since the range of P+ and the
nullspace of P_ intersect trivially, we can choose P, so that the first condition

is satisfied and them P_ so that the second condition is also satisfied.

(ii) implies (i): Let A(t + hv) + A(t) locally uniformly. We may suppose that
h,>h ,vwhere —»=h=w=. If h is finite then A(t) = A(t + h) and the equation

(1) has no nontrivial bounded solution because the range of P+ and the nullspace of
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P_ intersect trivially. If h = * o then, by Lemma 8.1, the equation (1) has an
exponential dichotomy on R and the same conclusion holds.

The conditions of Proposition 2 do not guarantee the existence of an exponential

dichotomy on the whole line R . Consider, for example, the scalar equation
x' = (tanh t)x ,

whose solutions are given by =x(t) = x(0) cosh t. The hull A of the bounded

and uniformly continuous function tanh t consists of all functions tanh(t + h) ,
where - < h < , and the two constants -1 , 1 . Hence no equation in the hull has
a nontrivial solution which is bounded on R . On the other hand, the given equation

has no nontrivial solution which is bounded on either lR+ or R_ , and therefore
does not have an exponential dichotomy on R .

This example can easily be generalised. Let A(t) be a continuous matrix
function for t € R such that the limits

A= lim A(t) , A= 1lim A(t)
o -0

exist and have no pure imaginary eigenvalues. If A+ and A_ do not have the same

number of eigenvalues with negative real part, then the equation (2) does not have an
exponential dichotomy on R . But if, in addition, the equation (2) has no non-
trivial solution =x{(t) such that X(t) - 0 for both t>+» and t>- , then no

equation (1) in the hull of (2) has a nontrivial solution bounded on R.

A bounded and uniformly continuous matrix function A(t) is said to be
recurrent if, for every A(t) in the hull of A(t) , also A(t) is in the hull of

A(t) . For example, any almost periodic function is recurrent.

The preceding problem does not arise if A(t) is recurrent. For then A(t) is

both an o~ and an w-limit of itself, and from Proposition 1 we obtain

PROPOSITION 3. Suppose A(t) <is recurrent. Then the equation (2) has an exponential
dichotomy on R if and only if no equation (1) in the hull A of A(t) has a
nontrivial selution bounded on R .

In the almost periodic case this provides another equivalent to the statements of
Proposition 8.3. In particular, statement (iii) shows that in a classical theorem of
Favard [1] the hypothesis that the inhomogeneous equation has a bounded solution is
redundant. It may be noted also that for almost periodic A(t) the definition of the
hull A is not altered if locally uniform convergence is replaced by uniform con-

vergence on R .

Proposition 3 characterises recurrent equations with exponential dichotomies.

We now turn our attention to recurrent equations with ordinary dichotomies. Thus we
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drop the hypothesis (H)

We first prove

LEMMA 3. Suppose A(t) <{s continuous on R and the equation (2) has an
m-dimensional subspace of solutions such that, for each nontrivial solution =%{(t) in

this subspace,

0 < dnf |%(e)] S sup [R(E)] <= .
TER tER

Suppose also that A(t + hv) + A(t) locally uniformly for some sequence hv >,
Then the w-limit equation (1) has an w-dimensional subspace of solutions such
that, for each nontrivial solution x(t) <in this subspace,

0 < inf |x(t)]| < sup |x{t)} <,
tER £€R

Proof. Let il(t}, vees im(t) be a basis for the given subspace of solutions of (2).

By restricting attention to a subsequence we may suppose that §j(hv) - Ej

(3 =1, ..., m) . Then §j(t + hv) - Xj(t) for every real t , where Xj(t) is the
solution of the equation (1) such that xj(O) = Ej (3 =1, ..., m) . Evidently the
solutions Xl(t), cees xm(t) are bounded on R . They are also linearly independent.

For suppose

clgl + + CmEm =0
and put
x(t) = clxl(t) T ooas + cmxm(t) .
Since %(hv) + 0 we must have x%(t) £ ¢ . Hence Cy T .. T e =0
Let
x{t) = alxl(t) + ol + amxm(t)
be a nontrivial linear combination of Xl(t), caes xm(t) . Then if
x(t) = alxl(t) oo tax (1)

there is a § > 0 such that [%(t)] = 8 for every t = 0 . Since x(t + h,) > x(t)

it follows that |x(t)] = 8 for every real t .

PROPOSITION 4. Suppose A(t) is recurvent and the equation (2) has an ordinary

dichotomy on R . Then there exist positive comstants X , o such that, if X(t, &)
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is the fundamental matriz of an equation (1) in the hull of (2) with X(0, A) = I ,

Ix(t, A)PO(A)x'l(s, M) =X for -w < g ,t <o,
Ix(t, A)P*(A)X'l(s, A = ke O(t-8) for -w < g =t <o,

o~Hs-t) for o <t =g <w,

tA

Ix(t, A)P_(A)x'l(s, A =«

where PO(A) , ?+(A) , P_(A) are uniquely determined supplementary projections

depending continuously on A (with the topology of wniform convergence on compact

intervals) .

Proof. Let P be a projection whose range is the subspace of initial values of

solutions of (2) which are bounded on R_ . The equation (2) has a dichotomy on R,

with projection B , by Proposition 2.2. Since every equation (1) in the hull of (2)
is an w-limit of (2), the avgument in the first part of the proof of Lemma 8.1 shows
that each equation (1) has a dichotomy on R with projection P of the same rank as
P . Thus we could have started with (1) instead of (2). It follows that the range

of P is exactly the subspace Vl of initial values of solutions of (1) which are
bounded on R, . Thus every solution =(t) of an equation (1) which is bounded on

R+ satisfies an inequality

[x(t)] = Llx(s)] for -»<s =t <o,
Hence either =x(t) +0 as t - or inflx(t)| >0 for t € R, . Moreover, if
x(t) is nontrivial, either [|x(t)| += as t » - or x(t) is bounded on R_ and

inflx(t)| >0 for t €R_.

Let V+ c Vl be the subspace of initial values of solutions of (1) which tend to
zero as t + o and let W Dbe any subspace of Vl supplementary to V+ . It follows

from Lemma 3 that the equation (1) has a subspace of sclutions with the same dimension
as W such that each nontrivial solution in this subspace is bounded and bounded away

from zero on R . If VO is the corresponding subspace of initial values then

Vl = VO ¥ U+ .

Similarly, let V2 be the subspace of initial values of solutions of (1) which
are bounded on ®_ and V_ < V2 the subspace of initial values of solutions of (1)

which tend to zero as t + -» . Then in the same way we can write
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where VO' is of the same nature as VO . Since Vl and V  intersect trivially,

dim VO < dim VO' , and since V2 and V+ intersect trivially, dim VO' < dim VO

i ' = 43 L
Hence dim UO dim VO and we can take VO V0

Finally, since (1) has a dichotomy on R , every solution is the sum of a

solution bounded on R+ and a solution bounded on R . Therefore the entire vector

space V admits the direct decomposition
V= VO + V+ + V.

The preceding argument shows also that the dimensions of the three components are the

same for all equations (1l). Any solution which is bounded on R has its initial

value in both V0 + V+ and VO + V_, and hence in VO . Thus VO is just the sub-

space of initial values of solutions which are bounded on R , and every nontrivial
solution bounded on R is bounded away from zero. Furthermore, if =x(t) is a non-

trivial solution with initial value in V_ (V) then [2(t)] »» as t + - (+0) ,

Consider, in particular, the equation (2) and let vj = Vj(g) (3 =0, +, =)

There exist uniquely determined supplementary projections P, B, P_ with ranges

vo,v ., V_ respectively. By Proposition 2.2, the equation (2) has a dichotomy with

0 +
projection §0 + §+ on both R+ and R , and hence also on R . Similarly it has
a dichotomy with projection §+ on R . It follows that there exists a constant

K > 0 such that

|§(t)§+>~<'l(s)l <K for w<g<=t<w,

1A

I%(t)g_g_l(s)] K for -= <t =g <»,

1A

]i(t)ﬁoﬁ—l(s)] K for -o<s , t <o,

where X(t) = X(t, I8!
Suppose A(t + hv) > A(t) locally uniformly. Then by passing to a subsequence

we see that there exist supplementary projections P+(A) , P (A) , PO(A) with the

same ranks as §+ » Py PO such that
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[x(t, A)P+(A)X_l(s, A)] £ K for —»<s St <o,
Ix(t, A)P_(A)X_l(s, AY] £ X for -w<t=sg <,

[x(t, 8P (A)X (s, A)] =K for —w<s ,t<w.

Any nontrivial solution xo(t) of the equation (1) with initial value in P (A)V

is bounded, and bounded away from zero, on R . Since the dimensions are equal, it

follows that VO = PO(A)U . Any nontrivial solution x+(t) starting from P+(A)V
is bounded on R+ . Therefore, by Lemma 3, there is a solution Xo(t) starting from

PO(A)V such that

inf |x (t) + x (t)] =0 .
teR O ¥

Since

Ix+(t)[ = K!xo(s) + x+(s)! for t =z s

this implies that x+(t) ~ 0 as t > . Since the dimensions are equal, if follows

that V=P (A)V . Similarly, V_ =P _(A)V . Thus the projections Py(al , P (A),

P _{A) are uniquely determined and, without passing to a subsequence,
g 31 - TR
X(hv)PjX tn,) Pj(A) (3 =0, +, =)

We are now in a position to apply our previous arguments under the hypothesis

(H) to the subspace v‘ + v+ . First of all we have the analogue of Lemma 2: if
0 <8 <1 there exists T > 0 such that every solution (t) of (2) with
x(0) ¢ O_ + V+ satisfies
[2()] =8 swp R .
fu-t]=T
For otherwise there exists a sequence Tu + ® ., a real sequence {tv} , and a sequence

of solutions xv(t) of (2) with xv(o) eV o+ V+ and va(tv)] = 1 , such that

su iiv(u)l <ol .
(u—tv =T,

Moreover we may assume that A(t + t,) > A(t) locally uniformly and §v(tv) - &,

where |[E} = 1 . Then iv(t + tv) + x(t) for every t ; where x(t) is the solution
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of the equation (1) such that x{(0) = £ . Hence |x(t)] = 07t for =< t < . On

the other hand, since §0§v(0) = 0 also
i Y 5 51 e 5 -
PO(A)E = lim X(tV)POX (tv) . X(tv)xv(O) = 0
Voo
Thus we have a contradiction.

It follows that, 'with respect to the subspace V_ + v*’ , the equation (2) has

an exponential dichotomy on R , the corresponding projections being necessarily

P, §+ . The remaining assertions of Proposition 4 now follow without difficulty.

Proposition 4 provides an answer to a problem of Hahn. It shows that for any
almost periodic, or even recurrent, linear differential system uniform stability and
asymptotic stability on R* together imply uniform asymptotic stability on R . In
fact we then have P_ = P, = 0 . Thus if a{t) is any almost periodic function with
mean value zero such that

fga(s)ds + —® as t >

then the scalar differential equation
x' = a(t)x

is asymptotically stable but not uniformly stable. For example, one can take
a(t) = - % 0?2 gin wt/n .
n=1

Proposition 4 may also be used to discuss the orbital stability of a quasi-

periodic solution of an autonomous nonlinear system. Let g(u) be a continuously
differentiable function from R® into R with period 1 in each coordinate uj N
and let Wy ceny W be real numbers linearly independent over the rationals. Ve
suppose that

xo(‘c) = g(wlt, cees u)mt)

is a solution of the autonomous differential equation

x' = #(x) , (3)
where ¢ is continuously differentiable on the range of g .
Then all functions

x () = glw th, «.oy w teh) (h € R™)

in the hull of xo(t) are also solutions of (3), and the m partial derivatives
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g (wyty ~.es wmt) are quasi-periodic sclutions of the variational equation

y' = ¢x[xo(t)]y . (1)

We assume that the variational equation (%) is uniformly stable on R+ and that these
m solutions form a basis for the solutions which are bounded on R .

The hull of (4) consists of all equations
T
y' o= ¢X[Xh(t)]y .

Let Yh(t) be the fundamental watrix of this equation such that Yh(O) =1 . By
Proposition 4 there exist positive constants K , o such that

IYh(t)Pth"l(s)[ < ke fn szt cw s

(5)
v, (01 - 2y, "Hs) |

1A
=

for - <sg , t <%,

where Ph is a uniquely determined projection which depends continuously on h . By

hypothesis, the vectors g, () (3 =1, ..., m) are a basis for the null space of
3

PO .

If in (3) we make the change of variable x = z + xh(t) we obtain the equation
E S
z!' = ¢X[xh(t)]z + fh(t, zy ,
where
£06, 2) = 6lz + x (] - ¢lx ()] - ¢ [x (©)]z .
Thus fh is a quasi-periodic function of t for each fixed z , fh(t, 0) = 0, and

]fh(t, Zl) - fh(t, 22)[ < Elzl -z for all t and h

|

if {zlf =38, 122} <46 , where § = 8(g) >0 .

Choose Y so that 0 <y <a and fix € > 0 so small that
8 = eK[Y_l + (awY)—l] <1.

Let £ be any vector in the range of P, such that |£} < (1 - 0)K 15 , and let

0

z(t) be any continuous Ffunction from R+ into R® such that
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Izl = sup T z(t)] =5 .
£0

Consider the integral operator

Tz(t) = Y, ()PE + [Ey, (0p, ¥, He)E [s, 2(s)Mds

- [y o - Ph)Yh‘l(s)fh[s, 2(s)1ds .

Using (5), it is easily verified that
Izl = x|g] + o]zl <6
and

HTzl - Tzzﬂ < 6”21 - 22" .

It follows, by the contraction principle, that for any given vector £ the operator

T has a unique fixed point zh(t, £) in the ball jz] =6 , and

2, (e, 0 = (- ) kle]

Moreover, for t =0 ,
- -1
z,(0, £) = BE - [ - 2 Y, TR s, 2 (s, £)1ds
and hence, as || ~ 0 ,
zh(o, £) = Phi + o(\ﬁ‘) uniformly in h .
The fixed point zh(t, £) is a solution of the differential equation

z! = ¢X[xh(t)]z + fh(t, z)

and thus
xh(t, £) = zh(t, £) + xh(t)

is a solution of the original equation (3). Thus for each h we have an {(n-m)-

dimensional family of solutions of (3) which converge to xh(t) exponentially as

t =,

We wish to show that the function (h, £) ~ xh(o, E) maps a neighbourhood of the

origin onto a neighbourhood of the point xO(O) . For |n| + [E] » 0 we have
2 (0, &) = £+ o(]ED) ,
%, (0) = g(0) + g (0)h + o(|nl) ,
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and hence

Xh(O, g) = XO(O) + gu(O)h + £+ o(|n] + [&])

The linear map (h, &) ~ gu(O)h + £ 1is invertible, since gu(O)h and & run through
the nullspace and range of the projection PO . Therefore the assertion follows from
the topological inverse function theorem.

Consequently, for each solution x(t) of (3) which passes sufficiently near the

m-dimensional torus g(u) , on which the given quasi-periodic szolution xo(t) is

dense, there exists a vector h = (hl, ey hm) such that the difference
x{t) - g(wlt + hl, cees W TF hm)

tends to zero exponentially as t » o« . This generalises a standard result on the

orbital stability of periodic solutions.



APPENDIX: THE METHOD OF PERRON

We describe here an altermative approach to the problems of Lecture 3, mentioned
in the Notes, and give an application which does not seem amenable to our previous

functional-analytic approach.
Let A{t) be a continuous n X n matrix function on the half-line R+ and let
X{(t} be a fundamental matrix for the linear differential equation
x' = A(D)x . (1)

By Gram-Schmidt orthogonalisation of the columns of X(t) , starting with the last
column, we obtain a unitary matrix U(t) and a lower triangular matrix Y(t) such

thax
X(t) = U()Y(t)

Moreover, U(t) and Y(t) are uniquely determined if we require the elements in the
main diagonal of Y(t) to be real and positive. Since X(t) 1is continuously

differentiable, it is easily seen that then U(t) and Y(t) are also.
The change of variables x = U(t)y replaces the equation (1) by

y' = Bty , (2

where B = U-lAU - U—lU’ . Since Y(t) is a fundamental matrix of the transformed

equation, B(t) = Y’(t)Y—l(t) is lower triangular with real main diagonal. Moreover,

since U is unitary,

(Uu*)' = U'u% + Uut’ = 0
and hence

U(B + B¥)U* = A + A% |
Therefore

s+ wel] = fla « %]
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For any n X n matrix C = ( ) it is easily shown that

Cjk
-1 2 2 2

e L L N L
i,k ik

Since B is triangular and bkk = bﬁk , it follows that
2 2 1 2
sl =% Ipo 1" =5 2 b + b5 |
. k 2 . k k
ik je
1 . 1 W12
< Jollp + 547 = Lolla + as
= 2nflal?
Thus
%
B = C2m)2]|act)] .
The inhomogeneous equation
z' = A{t)z + £(t) (3)

will have a bounded solution z(t) if and only if the transformed equation

w!' = B(t)w + gl(t) , ()

where g(t) = U_l{t)f(t} , has a bounded sclution w{t) = U—l(t)z(t) .  Hence the
equation (3) will have a bounded solution for every bounded comtinuous function £{t)
if and only if the equation (4) has a bounded solution for every bounded continuous
function g(t) . If A(t) is real then B(t) is also real, and if A(t) 1is bounded
then B{(t) is also bounded. It follows that to prove Proposition 3.3, for the case
of a bounded coefficient matrix, we can assume that the coefficient matrix is also
triangular and use induction on the dimension n . We will not carry out the details

here, but obtain instead a new result.

PROPOSITION 1. [Iet B(t) be a continuous n X n matriz function on R, » which is
lower triangular with real main diagonal and bounded off-diagonal elements.

Then there exists a comstant & = 6(B) > O such that the inhomogeneous linear

differential equation (4) has a bounded solution for every bounded continuous function

g(t) if it has a bounded solution for g(t) = gl(t). ey gn(t) , where
glk(t)
gk(t) =
gnk(t)
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is a continuous function such that, for all t =0,

Rg () =1, |gjk(t)| S8 (5 =1, vany k- 1)
Proof. Suppose first that n = 1 . Then
t
y(t) = exp IOB(u)du

is a positive solution of the corresponding homogeneous equation (2). The equation

(4) with g(t) = Rgl(t) has a real bounded solution wl(t) .  Moreover wl(t) has

the form
w,(6) = y(O{w (0) + (R, (W/y(w) du} .

The expression between the braces has a finite or infinite limit as t >« . If this

limit is zero then
w (1) = —y(t)f:Rgl(u)/y(u) au .

If it is non-zero then there is a constant ¢ > 0 such that

y(t) = elw, (t)| for all large t ,
and hence also
t
y(t)fORgl(u)/y(u) du

is a bounded solution of (4). Since Rgl(u) > 1 it follows that either

[y au
or
fgy(t)/y(u} du

is bounded. Hence for any bounded continuous function g(t) the equation (4) has the

bounded solution

w(t) = ~y(0)[Te(w/y(u) au
or

w(t) = y(t)fgg(u)/y(u) du .

Suppose next that n > 1 and that the result holds in lower dimensions. We

write
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B(t) 0
B(t) =
b(t) B(t)

where B(t) is an (n - 1) x (n -~ 1) matrix and B(t) is a scalar. Let & be the
positive constant corresponding to B(t) by the induction hypothesis and suppose
§ <& . Then the inhomogeneous equation

wo= B(ow o+ gt
has a bounded solution w(t) for every bounded continuous function g(t) . Moreover,
by Proposition 3.4 and Lemma 3.2,

-1
)] = ene™ Fllaco)|| + v sup [lECo)|

where T and N are positive constants depending only on B(t) . By hypothesis, for

g(t) = gn(t) the equation (4) has a bounded solution

Gn(t)
w () =
w(t)
Thus w(t) is a bounded solution of the scalar equation

. -~
w' = B(tiw + b(t)wn(t) + gnn(t)
We can choose 6 > 0 so small that

%
r(n - 1)? § sup ||b(0)]|| = %
=0

and then to > 0 so large that

|[b<t)€qn(t)[| s% for tzt, .

Then, by what we have proved for n = 1 , the scalar equation

it

w' B(tiw + y(t)

has a bounded solution for every bounded continuous scalar function Y(t) . It now
follows from the induction hypothesis that the equation (4) has a bounded solution for

every bounded continuocus function g(t)
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PROPOSITION 2. Let A(t) be a bounded continuous real n X n matriz function on
R and let Xl(t), ey xn(t) be a fundamental system of solutions of the linear

differential equation (1).

Then there exists a constant 0 > 0 such that (1) has an exponential dichotomy
if the corresponding inhomogeneous equation (3) has a bounded solution for

f(t) = fl(t), vaes fn(t) >, where fk(t) 18 a continuous function whose distance from
the subspace spanned by xk+l(t), cees xn(t) is at least 1 and whose distance from

the subspace spanned by xk(t), ey xn(t) is less than o , for aqll t = 0 .

Proof. Let X(t) be the fundamental matrix of (1) with columms xl(t), e xn(t)

and form the corresponding system (2) with triangular coefficient matrix. By
Proposition 3.3 and our previous vemarks, it is sufficient to show that the
inhomogeneous equation {4) has a bounded solution for every bounded continuous
function g(t) . We know that (4) has a bounded solution for g(t) = gk(t) =
vHe)E () (k= 1, ..., n) . If we demote the colums of U(t) by

ul(t), cees un(t) then uk(t) is a unit vector in the subspace spanned by

xk(t), v, xn(t) which is orthogonal to xk+l(t), e xn(t) . Since

fk(t} = glk(t)ul(t) oL, F gnk(t)un(t)

we have
2 2
glk(t) o+ gk—l,k(t) =p,
2 2
glk(t) + oo, t gkk(t) = 1.

The result now follows from Proposition 1.

In the complex case we can prove in the same way

PROPOSITION 3. Let A(t) be a bounded continuous n X n matrix function on R, -

Then there exists a constant n > 0 and continuously differentiable functions

ul(t), ceny un(t) with iluk(t)u

1

1 such that the equation (1) has an exponential

dichotomy if the corresponding inhomogeneous equation (3) has a bounded solution for

£({t) = £08), -ens fn(t) , where fk(t) is a continuous function satisfying
- <
£, - w (Ol <n forall tzo0.
In particular, when the coefficient matrix is bounded the inhomogeneous equation

(3) has a bounded solution for every f € C if it has a bounded solution for every

f in some dense subset of (.,



NOTES

Lecture 1. For the variation of constants formula, Gromwall's inequality, and further
information about stability and nonlinear problems see, e.g., Coppel [1]. An
eigenvalue is said to be semisimple if the corresponding elementary divisors are
linear, i.e., all corresponding blocks in the Jordan canonical form are 1 X 1 . The
example of the failure of the eigenvalue characterisation in the non-autonomous case
comes from Hoppensteadt [1]. The theory of functions of a matrix is discussed in
Dunford and Schwartz {1} and in Hille and Phillips [1]. For the inequality (&) see
Gel'fand and Shilov [1], p.65. A less precise version of Proposition 4 is given in
Coppel [1], p.117. For Proposition 6 see Coppel [3]. The main properties of the
'logarithmic norm' u(A) are described in Coppel [1], pp.il1 and §8.

Lecture 2. The terms 'exponential dichotomy' and 'ordinary dichotomy' are due to
Massera and Schaffer. For definitions of the angle between two subspaces see Massera
and Schaffer [3], Chapter 1, and Daleckii and XreIn [1], Chapter 4. Proposition 1 is
due to Massera and Schaffer [2], although it was suggested by earlier work of
Krasovskii [1]. An indirect proof of Proposition 2 is given in Massera and Schaffer

£33, Chapters 4 and 6.

Lecture 3. Questions of the type studied here were first comsidered by Perron [11],
although Bohl [1] had come very close. Perron assumed the coefficient matrix A(t)
bounded and showed that by a change of variables it could be supposed triangular, thus
permitting induction on the dimension. Maizel! [1] first established Proposition 3,
using Perron's method. An interesting application of this method, recently given by

Rahimberdiev [1], is discussed in the Appendix.

For the case in which all solutions of (1) are bounded Krein [1] and Bellman [1]
used instead the uniform boundedness theorem of functional analysis. Massera and
Schaffer [1] used the closed graph theorem, as in Proposition 4, to establish both
Propositions 1 and 3, and later also Proposition 2. Their theory is set out in full

generality in Massera and Schidffer [3]. For the closed graph theorem itself see,
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e.g., Dunford and Schwartz [1] or Hille and Phillips [1].

Lecture 4. The roughness of exponential dichotomies is treated in Massera and
Schaffer [3], Chapter 7, and in Daleckil and Krein [1], Chapter 4. Tor the

successive approximations argument used in the proof of Lemma 1 cf. Coppel [1], p.13.

Lecture 5. The term 'kinematic similarity' comes from Markus [1]. Lemmas 1-3 are due
to Coppel [2]. However, the use in Lemma 2 of the fundamental matrix of (4) follows
Daleckil and Krein {11. The smoothness properties of the positive square root of a
positive Hermitian matrix follow at once from its representation by a contour integral.
If, in Proposition 1, the original coefficient matrix A(t) commutes with P for
every t then the change of variables x = T(t)z is superfluous and one obtains much
sharper estimates for the various constants. Propositions 2 and 3 are proved in
Coppel [3].

Lecture 6. Schaffer [1] shows that in Lemma 1 onme can take ko= (en)/]§ and
conjectures that the best possible value is k, =2 for n>1. Proposition 1 is an

extension, due to Chang and Coppel [1], of a result in Coppel [2]. The important
differential equation (4) was discovered independently by Daleckii and Krein [l]+ and
Kato [1]. Daleckii and Krein [1] give an extension of Proposition 1 to Hilbert space.
An approach which permits an extension to Banach space is contained in a recent
article of Zikov [1]. Proposition 2, which is new, generalises Theorem 6.4 of

Daleckii and Krein [11, Chapter 3.

Proposition 3 is essentially due to Lazer [1]. It has been shown by Palmer 1]
that, for real systems, there is still an exponential dichotomy if, more generally,
(7) holds with 8 = 0 and infldet A(t)] >0 .

Lecture 7. The connection between Lyapunov functions and exponential dichotomies was
first considered by MaZzel' [{1]. The connection with ordinary dichotomies is also
studied in Massera and Schdffer [3], Chapter 9. For Proposition 4 <f. Ostrowski and
Schneider [1], Daleckil and Krein [1], Chapter 1, and Wimmer and Ziebur [1]. For the
concept of controllability see, e.g., Kalman et al. [1].

Propositions 2.1, 3.3, and 7.2 state properties equivalent to an exponential
dichotomy under the assumption of bounded growth. We pose the problem: what are the

relations between these properties without this assumption?

Lecture 8. Propositions 1 and 3 are contained in Massera and Schaffer [3], Theorems

81.E and 103.A. TFor Proposition 4 see Coppel [2].
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Lecture 9. Propositions 1 and 3 are due to Sacker and Sell [1], although their
original proofs used algebraic topology. Proofs similar to those given here were
found independently by Kato and Nakajima [1]. Further results are contained in
Sacker and Sell [2], [3]. Proposition 4 is new. It would be desirable to have a
formulation analogous to that of Proposition 1, in which the hypothesis of recurrence
is omitted and the conclusion applies to each equation (1) in the w-limit set of (2).
Lemma 3 was suggested by Nakajima [1]. The application to Hahn's problem was pointed
out in Coppel [4]. The result on orbital stability cannot be extended to almost
periodic solutions which are not quasi-periodic; cf. Theorem 3.4 of Allaud and

Thomas [1].
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